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Abstract

We consider the Cauchy problem for the generalized Zakharov–Kuznetsov equation ∂tu + ∂x1�u =
∂x1 (u

m+1) on three and higher dimensions. We mainly study the local well-posedness and the small data 
global well-posedness in the modulation space M0

2,1(Rn) for m ≥ 4 and n ≥ 3. We also investigate the 
quartic case, i.e., m = 3.
© 2017 Elsevier Inc. All rights reserved.

Keywords: Generalized Zakharov–Kuznetsov equation; Well-posedness; Modulation spaces

1. Introduction

We study the Cauchy problem for the generalized Zakharov–Kuznetsov equation

{
∂tu + ∂x1�u = ∂x1(u

m+1),

u(0) = u0,
(1)

where u = u(x, t) is a real valued function, t > 0, x = (x1, · · · , xn) ∈ R
n, m ∈ N and the 

Laplacian � = ∂2
x1

+ · · · + ∂2
xn

. From the form of the first equation in (1), the generalized 
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Zakharov–Kuznetsov equation can be seen as a multi-dimensional extension of the generalized 
Korteweg–de Vries (gKdV) equation on one dimension:

∂tu + ∂3
xu = ∂x(u

m+1). (2)

The Zakharov–Kuznetsov (ZK) equation, i.e., the first equation for m = 1 in (1), on three dimen-
sions was invented by Zakharov and Kuznetsov [40] to describe propagation of ion-sound waves 
in magnetic fields. Also, the ZK equation on two dimensions was derived from the hydrodynamic 
set of equations for ion density and velocity by Laedke and Spatschek [21]. We remark that the 
ZK equation is justified rigorously only on two and three space dimensions (see [22]). However, 
in this paper, we consider the higher dimensional cases (n ≥ 4) in addition to the justified dimen-
sional case (n = 3) from a mathematical interest. In the following statements, we will sometimes 
write the gZK equation instead of the generalized Zakharov–Kuznetsov equation for short.

In this paper, we study the local well-posedness and the small data global well-posedness 
for the Cauchy problem (1) on three and higher dimensions in modulation spaces. Modula-
tion spaces were originally introduced from the point of view of the time-frequency analysis by 
Feichtinger [8] in 1983. He first defined modulation spaces by using the short-time Fourier trans-
form, which is one of techniques for the time-frequency analysis. Here, the short-time Fourier 
transform Vgf (x, ω) is denoted by

Vgf (x,ω) =
∫
Rn

e−it ·ωg(t − x)f (t)dt

for a window function g ∈ S \ {0}. We note that, if we choose a window function g satisfying that 
its support is compact and g ≡ 1 in a neighborhood of the origin, then the transform Vgf enables 
us to understand relations between time and frequency of the function f . Now, let 1 ≤ p, q ≤ ∞
and s ∈ R. Then, the Feichtinger’s original modulation space Ms

p,q(R
n) is defined by the space 

of all f ∈ S ′(Rn) satisfying that

‖f ‖original
Ms

p,q
=
⎛⎜⎝∫
Rn

⎛⎝∫
Rn

∣∣Vgf (x,ω)
∣∣p dx

⎞⎠q/p

〈ω〉sqdω

⎞⎟⎠
1/q

(3)

is finite. Here, 〈·〉 = (1 + | · |2)1/2 and the norm (3) should be read with usual modification when 
p or q is infinity. Moreover, in [8], Feichtinger proved that the norm (3) can be equivalently 
expressed by the �q(Lp) norm. Let a Schwartz function sequence {σk}k∈Zn be

supp σ ⊂ [−1,1]n, σk = σ(· − k) and
∑
k∈Zn

σk(ξ) ≡ 1

for any ξ ∈R
n. Then, the norm (3) is equivalent to

‖f ‖Ms
p,q

=
(∑

k∈Zn

〈k〉sq ‖�kf ‖q
Lp

)1/q
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