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Abstract
LetL = 8/3t—|—2§y:1 (aj+ib;)(t)d/dx be a vector field defined on the torus TN+~ RN+] /271ZNJrl N
where a s b j are real-valued functions and belonging to the Gevrey class G¥ (T] ),s>1,forj=1,...,N.

We present a complete characterization for the s-global solvability and s-global hypoellipticity of L. Our
results are linked to Diophantine properties of the coefficients and, also, connectedness of certain sublevel
sets.
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1. Introduction and statements of the results

For a positive integer m, let T >~ R™ /277" be the m-dimensional torus. We will work on
TN+ where the coordinates are denoted by (x,1) € TV x T!, with x = (x1,...,xN) € TN,

We say that a complex-valued function f is an s-Gevrey function on TN+ s > 1,if f is C®
and there exist positive constants C and R such that, for all « € Zi’“ and all (x,1) € TN+ one
has

10% f(x, )] < CR¥a!’.

We denote by G*(TN+1) the space of all s-Gevrey functions on TN+,

In this paper we will make use of the following well-known characterizations of Gevrey func-
tions. A complex-valued function f(x, ) is an s-Gevrey function on TN+ if f is C* and there
exist positive constants C, & and € such that

18/ f& 0l <Chijire " vjieN veezV

(here f (&, 1) denotes the £-th coefficient of the partial Fourier series of f(x, f) in the x-variable).
Also, f(x,1) is an s-Gevrey function on TN ! if £ is C* and there exist positive constants C
and € such that

1. D) < Ce e BEHDY 1y (& 1) e ZNH!

(here f (&, 7) denotes the (&, 7)-coefficient of the Fourier series of f(x,?)).
We are concerned with the existence and regularity of solutions in Gevrey classes, for s > 1,
for operators L : G* (TN 1y 5 G5 (TN*1), which are given by

N
3 , 3
L=E+i§(a,-+zbj)(t)gj, (x,t) e TN x T', (1.1)

where a; and b; are real-valued functions belonging to G* (T!). Recall that the transpose operator
of L,'L, acts on the dual space D; (TN+1) and

(ker'L)° = {¢ € G*(TN*1); (1, ¢) =0, forall u € ker’ L € DL(TN ).

Note that if f € G*(TN*!) and Lu = £, for some u € G*(TN*!) then f € (ker!L)°; that is,
L(G*(TN*1)) ¢ (ker'L)°.

We say that L is s-globally solvable if for every f e (ker’L)° there exists u € G*(TV +1
solutionto Lu = f.

We stress that we are interested in the solvability of the equation Lu = f in the case where
the function f and the coefficients of L are assumed in the same Gevrey class. Within this
context this kind of problem was considered, for instance, in [1-3,8,11]; for the case where
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