YJDEQ:9108

Available online at www.sciencedirect.com

Journal of

ScienceDirect Differential
A s Equations
ELSEVIER J. Differential Equations eee (eeee) ecee—eee —_—

www.elsevier.com/locate/jde

Local controllability to stationary trajectories
of a Burgers equation with nonlocal viscosity

Sorin Micu *°, Takéo Takahashi ©%*

& Department of Mathematics, University of Craiova, Craiova, 200585, Romania
b Institute of Mathematical Statistics and Applied Mathematics of the Romanian Acadenty (ISMMA), Bucharest,
050711, Romania
¢ Inria, SPHINX, Villers-les-Nancy, F-54600, France
d Institut Elie Cartan de Lorraine, UMR 7502, Université de Lorraine, CNRS, 54506 Vandeeuvre-lés-Nancy Cedex,
France

Received 5 July 2017; revised 22 November 2017

Abstract

This article studies the local controllability to trajectories of a Burgers equation with nonlocal viscosity.
By linearization we are led to an equation with a non local term whose controllability properties are analyzed
by using Fourier decomposition and biorthogonal techniques. Once the existence of controls is proved and
the dependence of their norms with respect to the time is established for the linearized model, a fixed point
method allows us to deduce the result for the nonlinear initial problem.
© 2017 Elsevier Inc. All rights reserved.
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1. Introduction

In [10], the authors tackle the local null controllability of a fluid model introduced by La-
dyzhenskaya (see [16], [17, p. 193], [18, p. 208]). This system is similar to the classical Navier—
Stokes system but with a viscosity depending on the total dissipation energy of the fluid. The
study in [10] deals with the following control problem

orw+ (w-Vyw — v(||Vw||iz(Q))Aw +Vg=uyx, in(0,T) x €,

divw=0 1in(0,7T) x €,
w=0 on(0,T)xdQ
w(0,)=wo in L,

where v : R4 — [vg, 00) isa C! function, with vy > 0 and with bounded derivatives. In the above
system, €2 is a bounded domain of RY, d=2,3,and w and q are respectively the velocity and the
pressure of the fluid. The control u = u (%, x) acts on a part w of the domain. Following the method
used for the controllability of the Navier—Stokes system (see [9]), they show a Carleman estimate
for the linearized system and, with a fixed point argument, they obtain the local controllability
to the null state (w(T, -) = 0). In Section 6 of [10], it is mentioned that at the contrary to the
Navier—Stokes system, it is not clear how to obtain the local controllability to the trajectories.
Indeed, in the linearized system, one has to deal with non-local terms.

In [11], a partial answer to the above question is given: the authors consider the linear heat
and the linear wave system and show that one can recover the controllability properties of these
systems if some non local terms are added. More precisely, their results are obtained for any
dimension in space, but they need that the nonlocal integral terms are analytic in space.

Unhappily, in the above paper, the proof is given through a contradiction argument and in
particular, it is not clear how to keep the cost of the linear heat equation in order to tackle non-
linear problems. Our aim is here to study the controllability of a Burgers system with a nonlocal
viscosity. This can be seen as a simplified model of the model considered in [10]. More precisely,
our system writes as

dw = v(|9wl2s g 0w+ wiw =[5 +uy, in(,T)x ©,7),
w(t,0)=wk,r)=0 te(0,7), (1.1

w(0,)=wo in (0, ),
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