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Abstract

This paper presents our study of regularity for p-harmonic map heat flows. We devise a monotonicity-
type formula of scaled energy and establish a criterion for a uniform regularity estimate for regular
p-harmonic map heat flows. As application we show the small data global in the time existence of reg-
ular p-harmonic map heat flow.
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1. Introduction

Let Q C R™ (m > 2) be a bounded domain with a smooth boundary, and let N' be an
n-dimensional smooth compact Riemannian manifold without a boundary assumed to be iso-
metrically embedded in R! (I > n). For a smooth map u from  to N’ C R! we consider the
p-energy functional

Ep(u)=/%|Du|p dx, (1.1)
Q
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where p > 2, u = (ui), i=1,...,1, is a vector-valued function, defined on 2 with values
in N c R Dy =0/0xyq, x=1,...,m, Du= (Daui) is the gradient of a map u, |Du|2 =
Yo Zé:l (Dgu')?. A p-harmonic map is defined to be a critical point, which is a solution of
the Euler-Lagrange equation of the p-energy

_div <|Du|1’_2Du) — |Du|P~2 A(u)(Du, Du), (1.2)

where A()(-, ) = (Zl] k=1 A;k(u)Duj . Duk) is the second fundamental form of N' C R/
(if necessary, the manifold A is assumed to be orientable). We look for critical points of the
p-energy (1.1), the p-harmonic maps, by considering the negative gradient flow of the p-energy
referred to as the p-harmonic map heat flow

3 — div (|Du|P*2Du) = |Du|P~2 A(u)(Du, Du). (1.3)

In this paper we consider the regularity of solutions of the p-harmonic map heat flow (1.3).
Here we derive the Euler-Lagrange equation of (1.1) and the gradient flows. Let u be a smooth
map from Q to N. Let ¢ be a smooth R’-vector valued function on € with compact support.
Take a comparison map IT(u + t¢), T € R. Here IT: R 5 ON) - N C R’ is the nearest
point projection from a tubular neighborhood O(N) € R! of AV, to V. For any sufficient small
number 7, |7| < |¢|oo, the map u + t¢ has its value in O(N) and thus, IT(« + t¢) € N is an
admissible comparison map. We compute the first variation (the Gateaux derivative) to have

iE (IM(u + t¢))
drt

_2 drn
:/|Du|1’ Du-D¢+¢~W(u)(Du,Du) dx. (1.4
=0
Q

Integration by parts in the formula (1.4) = 0 gives us the Euler—Lagrange equation (1.2). Here,

d*1l . LA o U .

il - _ — el . pyk T

- (u)(Du. Du) = (A (u)(Du,Du))_ .Ek 1dujduk(u)Du pu|, i=12.....1,
Js k=

(1.5)

is the second fundamental form of N C R/. For the p-energy for smooth maps u € C*®(Q2, N),>
its gradient-like vector field V E (1) can be written as’

d
(VE(u), ¢) = d_E (Il(u + 7¢))
T =0
and then, by (1.4)
2 C%(Q, N) is a Banach manifold.

3 (VE(u), -) is a bounded linear functional on a tangent space |,y C*° (2, Ty (N)) of the Banach manifold X :=
C®(Q, N).
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