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Abstract

We consider the space-time behavior of the two dimensional Navier—Stokes flow. Introducing some
qualitative structure of initial data, we succeed to derive the first order asymptotic expansion of the Navier—
Stokes flow without moment condition on initial data in L' (]Rz) N Lg (Rz). Moreover, we characterize the
necessary and sufficient condition for the rapid energy decay ||u ()|, = o(t_l) as t — oo motivated by
Miyakawa—Schonbek [21]. By weighted estimated in Hardy spaces, we discuss the possibility of the sec-
ond order asymptotic expansion of the Navier—Stokes flow assuming the first order moment condition on
initial data. Moreover, observing that the Navier—Stokes flow u(¢) lies in the Hardy space H 1 (Rz) forz > 0,
we consider the asymptotic expansions in terms of Hardy-norm. Finally we consider the rapid time decay

3
lu(®)ll2 =o(t™2) as t — oo with cyclic symmetry introduced by Brandolese [2].
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1. Introduction

We consider the Navier—Stokes equations in R?,

3

O AUt u-Vu+Vp=0 inR?x (0,00),

at (N-S)
divu =0 in R? x (0, 00),

u(-,0) = ug on R2,

where u = u(x, t) = (u1(x, 1), u2(x, 1)) and p = p(x, t) denote the unknown velocity vector and
the pressure of the fluid at (x,7) € R? x (0, 00), respectively, while ug = ug(x) = (u(l)(x), u%(x))
denotes the given initial velocity.

In two dimensional case, it is well-known that the (unique) weak solution u in the class
L°°(0, o0} LZ(RZ)) of (N-S) is actually the strong solution and satisfies the following integral
equation:

t
u(t) =eug — / PV -e" 2w @u)(s)ds, t>0, (IE)
0

where {e’ A},20 is the heat semigroup, P = (ij)§ «—1 is the Helmholtz or the Fujita-Kato

bounded projection onto the solenoidal vector fields and u @ u = (u; uk)i kel

Since Leray’s celebrated paper [16], the decay problem has been one of main interests in
mathematical fluid mechanics. Especially, the algebraic decay with respect to the time variable is
investigated by, for instance, Schonbek [23-26], Kajikiya and Miyakawa [13], Wiegner [30,31].
Indeed for the general dimension n > 2, under the moment condition on uy, i.e.,

/(1~|—|x|)|uo(x)|dx<oo, (1.1)
Rn

the upper bound:

@l <CA+0~"%, >0 (12)

is observed for some weak solutions of the Navier—Stokes equations. See also [5-7,10,17,18,2].

Here the rate (1 + t)_# of the energy decay is known as the critical rate of the nonlinear
term compared with the Stokes flow. For instance, under the moment condition (1.1), Carpio [3],
Fujigaki and Miyakawa [8], Miyakawa and Schonbek [21] considered the asymptotic expansion
in terms of the heat kernel function (47¢)~"/2 exp(—|)c|2 /4t), where the leading terms were
definitely described. As for the characterization of the leading order terms of the Stokes flow, the
moment condition (1.1) seems to be necessary and essential not only to derive the rapid decay
(1.2) but also to obtain the first order asymptotic expansion of the Navier—Stokes flow.

In this paper, our aim is to obtain the space-time asymptotics and to characterize the leading
order terms using the heat kernel function without any moment condition on initial data like
(1.1). Alternatively, we introduce the following profile of initial data:
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