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Abstract

This paper concerns the equation

ut = uxx + f (x − ct, u), x ∈R, (0.1)

where c ≥ 0 is a forcing speed and f : (s, u) ∈ R × R+ → R is asymptotically of KPP type as s → −∞. 
We are interested in the questions of whether such a forced moving KPP nonlinearity from behind can give 
rise to traveling waves with the same speed and how they attract solutions of initial value problems when 
they exist. Under a sublinearity condition on f (s, u), we obtain the complete existence and multiplicity of 
forced traveling waves as well as their attractivity except for some critical cases. In these cases, we provide 
examples to show that there is no definite answer unless one imposes further conditions depending on the 
heterogeneity of f in s ∈R.
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1. Introduction

This paper deals with the equation

ut = uxx + f (x − ct, u), x ∈R, (1.1)

where c ≥ 0 and f ∈ C1(R ×R+, R) is assumed to have the following properties:

f (s,0) = 0 for all s ∈R; (1.2)

the limits f (±∞, u) and ∂uf (±∞, u) exist and are continuous for u ≥ 0; (1.3)

f (−∞, u) = 0 has a unique positive solution α; (1.4)

f (s,u)/u is non-increasing in u > 0 for any s ∈ R; (1.5)

there exists M > 0 such that f (s,u) < 0 for u ≥ M , for all s ∈ R. (1.6)

A typical example of such a nonlinearity is f (s, u) = u(a(s) − u), where a is a smooth func-
tion and has limits at ±∞ with a(−∞) > 0. Here a(s) may have negative limit at +∞ and may 
also change sign when s is away from ±∞. Another example is f (s, u) = b(s)u(1 − u), where 
b > 0 has positive limits at ±∞.

A forced wave solution of (1.1) has the form u(t, x) = Uc(x − ct), where c is the forced speed 
and Uc is the profile satisfying

U ′′
c (x) + cU ′

c(x) + f (x,Uc(x)) = 0, x ∈ R. (1.7)

The main purpose of this paper is to study under what conditions a forward shifting KPP nonlin-
earity gives rise to this kind of forced wave solutions. Let S be the set of all positive and bounded 
solutions of (1.7). Our goal here is to draw a complete picture of S and to study the attractivity 
of forced waves for the initial value problem of (1.1). Let us note that in our proofs to establish 
the main results about (1.7) we employ both ODE and PDE arguments, even though we treat an 
ODE.

We first recall some related developments and unsolved questions about this problem.
If f (s, u) does not depend on s ∈ R, that is, f (s, u) ≡ g(u) is homogeneous, then under the 

assumptions (1.2)–(1.6) the nonlinearity g(u) is of KPP type, that is,

g has a unique positive zero α and g(u) ≤ g′(0)u for u ≥ 0. (1.8)

This equation ut = uxx + g(u) in such a case has been extensively studied, since the classical 
works of Fisher [15] and Kolmogorov, Petrovsky and Piskunov (KPP) [23]. It is well-known 
that c∗ := 2

√
g′(0) is the minimal speed for traveling waves solution Uc(x − ct), which satisfies 

U ′′
c + cU ′

c + g(Uc) = 0 with Uc(+∞) = 0 and Uc(−∞) = α. Such a Uc is unique up to transla-
tions. Further, limx→+∞ Uc(x)x1−mce−λcx is a positive number, where λc is the largest negative 
solution of λ2 + cλ + g′(0) = 0 and mc is its multiplicity. Aronson and Weinberger [2] showed 
that c∗ is also the spreading speed of solutions of (1.1) having compactly supported initial data. 
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