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Abstract

We prove that the realization Ap in Lp(RN), 1 < p < ∞, of the elliptic operator A = (1 + |x|α)� +
b|x|α−1 x

|x| · ∇ − c|x|β with domain D(Ap) = {u ∈ W2,p(RN) | Au ∈ Lp(RN)} generates a strongly con-
tinuous analytic semigroup T (·) provided that α > 2, β > α − 2 and any constants b ∈ R and c > 0. This 
generalizes the recent results in [4] and in [16]. Moreover we show that T (·) is consistent, immediately 
compact and ultracontractive.
© 2017 Elsevier Inc. All rights reserved.

MSC: 47D07; 47D08; 35J10; 35K20

Keywords: One-parameter semigroups; Elliptic operators with unbounded coefficients; Schrödinger operator

✩ This work has been supported by the M.I.U.R. research project Prin 2015233N54 “Deterministic and Stochastic 
Evolution Equations”. The second, third and fourth authors are members of the Gruppo Nazionale per l’Analisi 
Matematica, la Probabilità e le loro Applicazioni (GNAMPA) of the Istituto Nazionale di Alta Matematica (INdAM).

* Corresponding author.
E-mail address: arhandi@unisa.it (A. Rhandi).

1 S-E. Boutiah wishes to thank the Dept. of Information Eng., Electrical Eng. and Applied Mathematics (DIEM) of the 
University of Salerno for the warm hospitality and a very fruitful and pleasant stay in Salerno, where this paper has been 
written.

https://doi.org/10.1016/j.jde.2017.10.020
0022-0396/© 2017 Elsevier Inc. All rights reserved.

http://www.sciencedirect.com
https://doi.org/10.1016/j.jde.2017.10.020
http://www.elsevier.com/locate/jde
mailto:arhandi@unisa.it
https://doi.org/10.1016/j.jde.2017.10.020
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jde.2017.10.020&domain=pdf


S.E. Boutiah et al. / J. Differential Equations 264 (2018) 2184–2204 2185

1. Introduction

Starting from the 1950’s, the theory of linear second order elliptic operators with bounded 
coefficients has widely been studied. In recent years there has been a surge of activity focused on 
the case of unbounded coefficients. Let us recall some recent results concerning elliptic operators 
having polynomial coefficients.

In this paper, we are interested in studying quantitative and qualitative properties in 
Lp(RN), 1 < p < ∞, of the elliptic operator

Au(x) = q(x)�u(x) + F(x) · ∇u − V (x)u(x), x ∈R
N, (1)

where q(x) = (1 + |x|α), F(x) = b|x|α−2x, V (x) = c|x|β, b ∈ R and c > 0, in the case α > 2
and β > α − 2.

Let us denote by L the operator A with c = 0 and illustrate the difference between the case 
α ∈ [0, 2] and α > 2.

If α ∈ [0, 2] (after a modification of the drift term F near the origin, when α < 2), it is proved 
in [8] that the Lp-realization Lp of L generates an analytic semigroup in Lp(RN), 1 ≤ p ≤ ∞. 
Moreover, if 1 < p < ∞, then

D(Lp) = {u ∈ Lp(RN) ∩ W
2,p
loc (RN) : (1 + |x|α)1/2|∇u|, (1 + |x|α)|D2u| ∈ Lp(RN)}.

The proof of the above result is essentially based on the a-priori estimates

‖(1 + |x|α)1/2∇u‖p ≤ C(‖Lu‖p + ‖u‖p)

‖(1 + |x|α)D2u‖p ≤ C(‖Lu‖p + ‖u‖p)

for u ∈ C∞
c (RN).

The picture changes drastically when α > 2. In this case G. Metafune et al. in [16] showed, if 
N

N−2+b
< p < ∞, the generation of an analytic semigroup in Lp(RN) which is contractive if and 

only if p ≥ N+α−2
N−2+b

. Domain characterization and spectral properties as well as kernel estimates 
have been also proved.

Here the techniques are based on proving some bounds on the Green function associated to 
the operator L.

In [11] (resp. [4]) the generation of an analytic semigroup of the Lp-realization of the 
Schrödinger-type operators (1 + |x|α)� − |x|β in Lp(RN) for α ∈ [0, 2] and β > 2 (resp. α > 2, 
β > α − 2) is obtained. In [11,5] some estimates for the associated heat kernel are provided. 
Also in this case the methods for α ∈ [0, 2] and α > 2 are completely different. This is related 
essentially to the fact that generation of a semigroup in Lp(RN) in the case α > 2 of the operator 
(1 + |x|α)� depends upon N , see [14], [15] and does not depend if α ≤ 2, see [17]

More recently in [12] the authors showed that the operator L = |x|α� + b|x|α−2x · ∇ −
c|x|α−2 generates a strongly continuous semigroup in Lp(RN) if and only if s1 +min{0, 2 −α} <
N
p

< s2 +max{0, 2 −α}, where si are the roots of the equation c+s(N −2 +b−s) = 0. Moreover 
the domain of the generator is also characterized.

At this point it is important to note that the techniques used in [12] are completely different 
from ours and lead to results which are not comparable with our case (β > α − 2).
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