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Abstract

In this paper we prove the existence of weak solutions for the equations describing the unsteady motion 
of an incompressible, viscous and homogeneous generalized Newtonian fluid in a non-cylindrical domain ⋃

t∈I {t} × �(t).
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1. Introduction

In this paper we study the existence of weak solutions of the flow of an incompressible, 
viscous and homogeneous generalized Newtonian fluid which is contained in an impermeable 
moving space-time cylinder

Q =
⋃
t∈I

{t} × �(t) ⊂R
4

with moving boundary
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� =
⋃
t∈I

{t} × ∂�(t).

Given a force density f, an initial velocity u0 and the boundary velocity v, the motion of the fluid 
is modelled by means of the following generalized Navier–Stokes system for the velocity field u
and the scalar pressure π :

∂tu + (
u · ∇)

u − div S(Du) + ∇π = f in Q,

div u = 0 in Q,

u = v on �,

u(0) = u0 in �0.

(1)

There is a vast diversity of constitutive models characterizing generalized Newtonian fluids. Two 
commonly used constitutive relations for the nonlinear stress tensor S, also known as power-law 
ansatz models, are given by

S(Du) := μ0
(
δ + |Du|)p−2Du,

S(Du) := μ0
(
δ + |Du|2) p−2

2 Du.

(2)

Here, μ0 > 0, δ ≥ 0 and 1 < p < ∞ are constants and Du denotes the symmetric part of the 
velocity gradient ∇u. Note that the Dirichlet condition (1)3 means that the fluid particles on the 
boundary move according to the velocity of the boundary. Note also that for p = 2, both rela-
tions in (2) reduce to the well-known Navier–Stokes model. Therefore, our existence result about 
weak solutions of (1) is a generalization of results in [1], [2] and [3], where the Newtonian case 
of the above system is treated. In what follows we always assume that the boundary velocity v is 
smooth with respect to space and time although it would be enough to require v ∈ C2(Q)3. It is 
not realistic to assume this degree of smoothness if, as for fluid-structure-interaction (FSI) prob-
lems, the boundary velocity is determined by the solutions of the structure equations which are 
merely continuous in general. However, by regularizing the structure equations through adding 
appropriate damping terms one can gain a certain amount of smoothness, see for instance [4]. It 
is also possible to smooth the solution of the structure equation directly. For this approach we 
refer to [5]. Apart from being interesting in itself, the above system may therefore also serve as a 
first approximation for a subproblem of a fully coupled FSI problem for a generalized Newtonian 
fluid.

The aim of this paper is to prove existence of weak solutions of (1) up to the critical lower 
bound p > 6/5 in three space dimensions without transforming the system to an auxiliary system 
on a fixed cylindrical domain. Nevertheless we use the Piola transform to prove certain properties 
of the relevant function spaces and to construct appropriate ansatz function. Note that the Piola 
transform was already used in the context of FSI problems among others in [6], [7] and [5]. 
There are two crucial steps in the existence proof. On the one hand one has to identify the 
nonlinear elliptic term induced by the stress tensor S. On the other hand, the passage to the limit 
in the approximate system and especially in the nonlinear convective term demands for global 
(non-cylindrical) compactness methods.

In the case 11/5 ≤ p < ∞, the identification of the elliptic term rests upon an integration-
by-parts formula for functions with generalized time-derivative in the dual of the natural energy 
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