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Abstract

Let n ≥ 3 and � be a bounded Lipschitz domain in Rn. Assume that p ∈ (2, ∞) and the function b ∈
L∞(∂�) is non-negative, where ∂� denotes the boundary of �. Denote by ν the outward unit normal to 
∂�. In this article, the authors give two necessary and sufficient conditions for the unique solvability of 
the Robin problem for the Laplace equation �u = 0 in � with boundary data ∂u/∂ν + bu = f ∈ Lp(∂�), 
respectively, in terms of a weak reverse Hölder inequality with exponent p or the unique solvability of the 
Robin problem with boundary data in some weighted L2(∂�) space. As applications, the authors obtain the 
unique solvability of the Robin problem for the Laplace equation in the bounded (semi-)convex domain �
with boundary data in (weighted) Lp(∂�) for any given p ∈ (1, ∞).
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1. Introduction

Let � be a bounded Lipschitz domain in Rn with n ≥ 3. Denote by ν := (ν1, . . . , νn) the 
outward unit normal to ∂�, the boundary of �. Moreover, for a measurable function F on �, 
the non-tangential maximal function of F is defined by setting, for any P ∈ ∂�,

(F )∗(P ) := sup
{|F(x)| : x ∈ �, |x − P | < C̃δ(x)

}
, (1.1)

where δ(x) := dist(x, ∂�) := inf{|x − z| : z ∈ ∂�} and C̃ ∈ (1, ∞) is a positive constant, which 
may depend on �, but is independent of P ∈ ∂� and x ∈ �.

Now we recall the definition of Ap(∂�) weights (see, for example, [29, p. 4] and [28, (7.1)]).

Definition 1.1. Let � ⊂ R
n be a domain and p ∈ [1, ∞). A non-negative and locally integrable 

function ω on ∂� is called an Ap(∂�) weight if there exists a positive constant C such that, for 
any Q ∈ ∂� and r ∈ (0, diam(∂�)),

⎧⎪⎨⎪⎩ 1

σ(I (Q, r))

∫
I (Q,r)

w(x)dσ (x)

⎫⎪⎬⎪⎭
⎧⎪⎨⎪⎩ 1

σ(I (Q, r))

∫
I (Q,r)

[w(x)]− 1
p−1 dσ(x)

⎫⎪⎬⎪⎭
p−1

≤ C (1.2)

when p ∈ (1, ∞), and

1

σ(I (Q, r))

∫
I (Q,r)

w(x)dσ (x) ≤ C

{
ess inf

x∈I (Q,r)
w(x)

}
(1.3)

when p = 1, where diam(∂�) := sup{|x − y| : x, y ∈ ∂�}, I (Q, r) := B(Q, r) ∩ ∂� and dσ

denotes the surface measure on ∂�. The smallest constant C as above such that (1.2) or (1.3)
holds is called the Ap(∂�) weight constant of ω and denoted by [ω]Ap(∂�). Here and hereafter,

B(Q, r) := {x ∈R
n : |x − Q| < r}.

Let p ∈ (1, ∞) and ω ∈ Aq(∂�) for some q ∈ [1, ∞). Recall that the weighted space Lp
ω(∂�)

is defined by setting
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