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Abstract

We study linear differential equations with exponential polynomial coefficients, where exactly one coef-
ficient is of order greater than all the others. The main result shows that a nontrivial exponential polynomial
solution of such an equation has a certain dual relationship with the maximum order coefficient. Several
examples illustrate our results and exhibit possibilities that can occur.
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1. Introduction

The solutions of the linear differential equation

P+ a 1@ f "V 4 ai@f +ag@) f =0 (1.1

with entire coefficients ag(z),...,a,—1(z) are entire. To avoid ambiguity, we assume that
ao(z) # 0. The following two classical theorems give general information concerning finite order
solutions of (1.1).

Wittich’s theorem. [ /8, p. 6] The coefficients ag(z), ..., a,—1(2) of (1.1) are polynomials if and
only if all solutions of (1.1) are of finite order:

Frei’s theorem. [/, p. 207] Suppose that at least one coefficient in (1.1) is transcendental, and
that aj(z) is the last transcendental coefficient, that is, the coefficients aj1(z), ..., an-1(2), if
applicable, are polynomials. Then (1.1) possesses at most j linearly independent solutions of
finite order.

The following example illustrates Frei’s theorem for n =3 and j = 2.
Example 1. The functions f|(z) = e*+z, f2(z) =e* — 1 and f3(z) = z + 1 are solutions of
"+ (=14 %) "=+ Df' + f=0,
and any two of them are linearly independent.

Our focus is on finite order solutions of (1.1), in particular on exponential polynomial solu-
tions. An exponential polynomial f(z) is a function of the form

fz)=P (Z)te(Z) 4+ 4 Pk(Z)e‘Qk(Z), (1.2)

where P;(z), Q;(z) are polynomials for 1 < j < k. Observe that a polynomial is a special case
of an exponential polynomial.

The literature contains numerous examples of exponential polynomial solutions of equations
of the form (1.1) with exponential polynomial coefficients such that at least one coefficient is
transcendental. This naturally occurring situation is related to the long-standing open problem of
Gol’dberg, Ostrovskii and Petrenko, which asks whether finite order transcendental solutions of
(1.1) are always of completely regular growth whenever the coefficients of (1.1) are of completely
regular growth, see Section 2.

It can also be noted that any exponential polynomial is a solution of an equation of the form
(1.1) with polynomial coefficients, see [17].

Motivated by these considerations, we consider the situation when f is an exponential poly-
nomial solution of (1.1) where exactly one coefficient, say a,(z), is a transcendental exponential
polynomial, and all the other coefficients are exponential polynomials of order less than the order
of ay,. In this case, we show that f and a,(z) have a certain dual relationship. Several examples
are given to illustrate the main result.

Please cite this article in press as: Z.-T. Wen et al., Dual exponential polynomials and linear differential equations, J.
Differential Equations (2017), http://dx.doi.org/10.1016/j.jde.2017.09.003




Download English Version:

https://daneshyari.com/en/article/8899117

Download Persian Version:

https://daneshyari.com/article/8899117

Daneshyari.com


https://daneshyari.com/en/article/8899117
https://daneshyari.com/article/8899117
https://daneshyari.com

