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Abstract

We prove the global existence of weak solution pair to the initial boundary value problem for a system
of m-Laplacian type diffusion equation and nonlinear wave equation. The interaction of two equations is
given through nonlinear source terms f (u, v) and g(u, v).
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1. Introduction

In this paper we consider the initial-boundary value problem for a system of nonlinear diffu-
sion and wave equations of the form:

uy — div{|Vu|"Vu} = f(u,v) in 2 x (0,00), (a) a1
vy — Av=g(u,v) in Q x (0, 00), (b) )
with the initial-boundary conditions
I/t(x, O) = UO(x)7 U(-xv O) = U()(x), vl(xv O) =1 (-x)s X e Qv (]2)
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and

ux, Hlse =vx, Hlse =0, (1.3)

where m > 0, © is a bounded domain in RV with a smooth, say, C%% o > 0, class boundary
092. When f(u,v) = f(u) and g(u, v) = g(v) the equations are separated mutually, and both of
existence and nonexistence of global solutions are investigated by many authors. In particular, as
a common method we know the potential well method due to Sattinger (see Sattinger [15] and
M. Tsutsumi [18]). However the method does not seem to be applicable to the system of two
equations like (1.1a)—(1.1b) except for a special case (cf. Alves and others [2]).

Both of diffusion and wave equations are very typical partial differential equations in Mathe-
matical Physics, and it seems natural to imagine some phenomena caused by interactions between
two equations (cf. Nishida [14], Li [6], Smoller [16], Kawashima [3], Kawashima, Matsumura
and Nishihara [4] and Nishihara [13] etc.). In the present paper we consider a model of such a
system where the interaction is given through nonlinear source terms.

We make the following hypotheses on f(u, v) and g(u, v).

Hyp. A. f(u, v) and g(u, v) are Lipschitz continuous (uniformly on each compact set ) functions
on R? and satisfy the following conditions:

(1)
| f (u, v)] < kylul® 1P, |g(u, v)] < kilu|?|v|?

witha > 1,8 >0, p > 0and g > 0 for some k; > 0.
2

| fou s 0)| < kalul® " oI, | fo (e, v)| < ko u|* 0[P B=10 (qe. (u,v) € R?)

and
|gu (u, V)| < kalul?~ [v]?, gy (u, v)| < kalul? [v]410) (@.e. (u, v) € R?) for some ka > 0.

A simple example of g(u, v) satisfying the conditions above with 0 < p,q < 1is g(u,v) =
u(1 4 u?)P=D/2y(1 4+ v2)@—D/2 Under our Hyp. A we can expect that for small initial datum
uo € L, r > 1, the assumed solution #(#) would have a smoothing effect near = 0 and a certain
decay property for |[Vu(t)|n+2 as t — oo. Further, using these properties we could prove the
boundedness of the energy E,(¢) of the assumed solution v(¢) of the second equation under
appropriate conditions on «, 8, p, g and r, where

1
Eo)= 3 (I + Vo) ).

These a priori estimates would imply the global existence of (W()l’m+2, Hol) valued solution pair
(u(t), v(t)). In this paper we show that such a conjecture in fact holds under some restrictions on
the exponents. More precisely we show the existence of (weak) solution pair (#, v) such that

u(r) € Cyy (10, 00); L") N LE.((0, 00) : Wy ™) n W20, 00); L?)

c
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