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Abstract

In this paper, we consider the half space problem for Euler equations with damping in 3-D. We restudy 
the fundamental solution for the Cauchy problem to obtain an exponentially sharp pointwise structure and 
a clear decomposition of the singular-regular components. Later, both Green’s function for initial boundary 
value problem and fundamental solutions for Cauchy problems are investigated in the transformed domain 
after Laplace transform. The symbols are obtained and a connection between Green’s function and fun-
damental solutions are established for the pointwise space–time structure of Green’s function. Finally, the 
sharp estimates for Green’s function together with a priori estimates from the energy method for high order 
derivatives result in the nonlinear stability of the solution and also the decaying rates.
© 2017 Published by Elsevier Inc.
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1. Introduction

The 3-dimensional Euler equations with damping

{
ρτ + div(ρ �u) = 0,

(ρuj )τ + div(ρ �uuj ) + ρ
γ
ηj

= −κρuj , �u = (u1, u2, u3) ∈ R
3 (1.1)

* Corresponding author.
E-mail address: matdengs@sjtu.edu.cn (S. Deng).

http://dx.doi.org/10.1016/j.jde.2017.08.013
0022-0396/© 2017 Published by Elsevier Inc.

http://www.sciencedirect.com
http://dx.doi.org/10.1016/j.jde.2017.08.013
http://www.elsevier.com/locate/jde
mailto:matdengs@sjtu.edu.cn
http://dx.doi.org/10.1016/j.jde.2017.08.013
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jde.2017.08.013&domain=pdf


S. Deng, W. Wang / J. Differential Equations 263 (2017) 7372–7411 7373

model the fluid in a porous media. Here, κ > 0 is a constant to model the magnitude of the 
viscosity and ργ , γ ≥ 1, is the pressure for an isentropic gas flow with a given γ -law. In this 
paper, we consider (1.1) in the half space η1 > bτ with a negative and subsonic boundary speed b

−√
γ < b < 0, (1.2)

and under the following initial and boundary conditions:

(ρ, �u)
∣∣
τ=0 = (1 + σ0, �u0)(�η), (1.3)⎧⎪⎨

⎪⎩
√

γ (ρ − 1) + u1
∣∣
η1=bτ

= 0,

u2
∣∣
η1=bτ

= 0,

u3
∣∣
η1=bτ

= 0.

(1.4)

The time-asymptotic behavior for Cauchy problem of the system (1.1) in 1-D case was initi-
ated in Hsiao–Liu [9]. Then the Cauchy problems in both 1-D case and multi-D case have been 
widely studied. One can refer to [6,7,15–18,27,28,30,35–40] and the references there.

For the half space problem in 1-D, the Dirichlet boundary condition case and Neumann bound-
ary condition case are studied in [23–25,31]. Nishihara–Yang [31] investigated the half space 
problem with Dirichlet boundary condition and Neumann boundary condition respectively. In 
Marcati–Mei [24], another kind of Dirichlet boundary condition is posed. In the above cases, 
the solutions are proved to tend to the diffusion wave and the time convergence rates are ob-
tained. Later, Marcati–Mei–Rubino improved the convergence rates in [25]. In Ma–Mei [23], 
better asymptotic profiles were given. In Deng [2], the mixed type boundary condition was con-
sidered and with constructed Green’s function and a priori estimates from energy method, the 
pointwise structure of the solution was obtained.

Few results are about the multi-D case with boundary. In Liu–Wang [22], the authors used the 
energy method to prove the existence and stability of the solutions for half space problem in 2-D 
with a moving boundary x1 = bt and assuming that the speed of the boundary is positive and 
subsonic:

0 < b < c (c is the sound speed).

Under the same assumption on the boundary speed, the exponentially convergence rate in both 
time and space variables was obtained by weighted energy method in [1].

For the problem in a bounded domain, one can refer to [11,33,34] and the references there. 
For the nonisentropic case with or without a boundary, one can refer to [7,8,10,12–14,26,29,32]
and the references there.

In this paper, we are interested with the pointwise space time structure of the solutions for half 
space problem (1.1)–(1.4). Compared with [1], the negative boundary speed assumption (1.2)
makes it far more difficult to obtain the convergence rate by simply weighted energy method 
since the rate for this problem is algebraic. Besides, we can hardly use the previous Green’s 
function method for 1-D problem initiated in [19], since the singularity propagation obtained 
from Green’s identity may even be not well defined for a multi-D half space problem. Here, we 
adopt a more generalized Green’s function method initiated in [20] and also make improvement 
of the procedure.
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