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1. Introduction

Nonlinear diffusion problems with free boundary conditions are generally used to describe the expansion
and propagation of biological species or chemical substances, and the free boundary is used to represent the
frontier of this expansion. It has been a central issue in ecological research to explore the law of population
expansion of new species or invasive species in new environment. A large amount of empirical evidence
shows that many invasive species, which survived in new environment, will expand at a fixed rate after a
very short initial stage. A classic example is the rules discovered by Skellam [19] in 1951, which describes
the spreading of muskrat in Europe in early twentieth century.

One of the most successful mathematical descriptions of the propagation of species is based on the theory
of traveling wave solutions. In 1937, Fisher [11] made use of the equation

Uy — dugy = au —bu?, t>0, z € R, (1.1)
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to study the transmission pattern of advantageous genes, where the function w represents the population
density of species that carries advantageous genes. He proved that equation (1.1) admits a solution of the
form u(t,z) = w(x — ct), if ¢ > 2vad := ¢* and w satisfies

cw +dw’ +aw—bw? =0, w(—o0)=0, w(+oo)=a/b.

He also showed that there exists no such solutions if ¢ < 2v/ad. Fisher claimed that ¢* is the spreading
speed for the advantageous genes in his research. The same results were proved by Kolmogorov et al. for a
more general class of equations whose nonlinearity is now called Fisher-KPP type. In 1975, Aronson and
Weinberger [1] established a more general theory based on the traveling wave solutions. They proved that
for any € > 0, the solution of (1.1) satisfies:

lim u(t,z) = a/b, lim u(t,z) = 0.
t—o0,|z|<(c* —et) t—o00,|x|>(c*+et)
This means that if an observer travels in the direction of propagation at a speed ¢ which is smaller than c*,
then it will find that the population is close to ¢, and if his speed is bigger than c*, it would observe that
the population is nearly 0. The mathematical results have been extended to higher dimensions in [2] by
Aronson and Weinberger.

The mathematical model mentioned above have obtained lots of good results, but the reaction—diffusion
equation, which were used in these models to describe the expansion behavior, will force infinite propagation
speed. Namely, for any initial population distribution which is nonnegative and is positive somewhere, for
t > 0 the population density at any location is bigger than 0, which does not conform with the reality. To
overcome the difficulty, Du and Lin [7] first began to try to introduce free boundary conditions to study the
expansion behavior of biological populations, and they considered the following equations:

wy — dugy = u(a — bu), t>0, 0<x<h(t),
up(t,0) =0, u(t,h(t)) =0, t>0, 12)
B (t) = —pug (t, h(t)), t>0, '

h(0) = ho, uw(0,2) =wup(x), 0<z < hg,

where h(t) stands for the free boundary, the function u represents population density. The free boundary
h(t) satisfies equation h'(t) = —pu, (¢, h(t)), which is a special case of the well-known Stefan condition and
the deduction can refer to [31]. If the right side is free boundary, the left side is fixed boundary condition,
then the equation (1.2) describes the expansion behavior of new species or invasive species populations in
one dimensional environment, they got the following results:

(1) Equation (1.2) has a unique global solution;

(2) Spreading-vanishing dichotomy and its criterion: if # — oo, then either h(t) — oo and u(t,z) — %, which
we called spreading, or h(t) — heo < %\/m and u(t, x) — 0, which we called vanishing. Furthermore,
there exists a positive constant p* that describes the ability of expansion, if p > p*, then vanishing
happens; if 0 < u < p*, then spreading happens, and p* depends on ug and hyg.

(3) Some basic estimates for the asymptotic spreading speed of two fronts when spreading happens, which
means that there exists a positive constant kg that only depends on p, and

lim @ = ko, lim —@ =

t—oo t—o0 t

After this pioneering work, a more general reaction diffusion problem with free boundary conditions was
considered by Du and Lou [9]:
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