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series, we prove that the double inequality
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holds for v’ = v/1 —1r2 € (0,1), where the upper bound is sharp, while the lower
bound is related to the Archimedes’ approximation 22/7 for 7. Using the same
method, we also easily show that both of the functions
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are absolutely monotonic on (0,1), which greatly improves the known results.
Moreover, it should be emphasized that our method may be used to explore special
functions related to hypergeometric functions.
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1. Introduction

For r € (0, 1), the well-known complete elliptic integrals of the first and second kinds [14], [15] are defined
by
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respectively, which are related to the Gaussian hypergeometric function
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n=0

|z] <1,

where a,b,c € R with ¢ # 0,—1,-2, ..., (a),, is defined by (a), = 1 for a # 0 and

(a), =a(a+1)---(a+n—-1)=

More precisely, we have

where

I'(n+1/2)
Wo = T T tn 1 1) (12)
is the Wallis ratio.

It is well known that the complete elliptic integrals have many important applications in physics, en-
gineering, geometric function theory, quasiconformal analysis, theory of mean values, number theory and
other related fields [3], [4], [5], [7], [8], [9], [10], [11], [29], [32], [37].

Let I(1,r) be the arc length of an ellipse with smilaxes 1 and r € (0,1). Then

I(1,r)=4E(r"),

where and in what follows ' = /1 —r2. Muir [27] presented a simple approximation for I (1,7) by
2w Ao (1,7), where

p 1/1’
Ap(a7b):<a ;—bp) if p # 0 and Ag (a,b) = Vab

is the classical power mean of positive numbers a and b. Tomkys [36] provided another power mean approx-
imation 2w Ay, (1,7), where go = In2/1n (7/2), that is,
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