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1. Introduction

Let 2 C C be a bounded domain, and p be a measure supported on € that 992 C supp u. Define on C|z]
the inner product

f. g = / F(2)3@du(),
Q

and denote by H,, the completion of C[z] with respect to (-,-),. It is well-known that H, can be seen
as a subspace of L?(u). Suppose ¢ is a continuous function on supp pu, then f o ¢ € L%*(u) for each
f € C[z]. Let Py, denote the orthogonal projection from L?(u) onto Hy,. If there is a constant C' making
[[Pr, (f o o)llp < ClIfllu,Vf € Clz], then the mapping f — Py, (f o ¢) extends to a bounded operator
Ky, :H,— H,. We call ¢ the symbol of K.

In the case H,, be the Hardy space H?(D) and ¢ : D — D be analytic, the boundedness of the composition
operator C,, : H%(D) — H?(D), f — f o ¢ was extensive studied in [2]. In the literature [3], investigation

was made into the case where ¢ € C(T) is not assumed analytic. They proved the compactness of
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Ky H*(D) — H*(D), f = Pg2(f o )

when (1 — |¢[?)~! is integrable, and carefully studied the boundedness of K, for the symbols ¢(z) =
az + bz,|a| + |b| < 1. In Rochberg’s work [4], the symbols ¢ with supremum norm greater than 1 were
considered. When |[|¢||oc > 1, f o ¢ can not be defined in the obvious manner on H?(D), and usually
K, is not expected to be bounded. Therefore it is interesting to find out which ¢ make K, bounded.
Introducing the d-bar methods and Large Deviations, Rochberg proved some general sufficient conditions
for the boundedness of K, and gave some examples in which K, is not bounded. In general, K, is bounded
provided the analytic part of ¢ is small in some sense.

In the present paper we reinterpret Rochberg’s observations, and obtain some further results. To illustrate
our results, take the H%(ID) case as an example. Denote by dm the normalized Haar measure on T = 9.
Let ¢(e?) = 3> cne'™ be a continuous function on T. For n € Z4 and z € C denote by s,(z) =
S h__, ckz" the partial sums and o,(2) = ﬁ > i Sk(2) the Cesaro means of the Fourier series of ¢. It
is well known that {o, |1} converges to ¢ uniformly. Suppose the sequence {0, (z)} of functions converges
uniformly to a function ¢* on some ring

R,:={2€C:|z|€[l,p1)},1 < p1 < o0,

then ¢* is analytic on R, — T. Analytically continue ¢* from R, — T to a maximal domain Q:o* Cc C\D,
then ¢* is defined and continuous on Qg+ := QZD* U T. By the terminology simple closed curve we mean a
continuous injective function on T. If a curve « has nonzero first derivative and k-th continuous derivative,
we say it is a regular C*-curve. Denote by P, the set of all the rectifiable simple closed curves that is
homotopic to Idr within .+, and ‘B’; the subset of regular C*-curves from P

We prove the following sufficient condition for the boundedness of K.

Theorem 1.1. Suppose there is a v € B, such that ||¢* 0 v||ec < 1, then K, extends to a Hilbert-Schmidt
operator on H*(D).

Then in Section 3 we give two general conditions under which K, cannot be extended to a bounded
operator, which are almost converses to Theorem 1.1. Applying our results, we show in Examples 2.3 and
3.7 that for the symbol ¢(e?) = m, 0 € [0,27), K, is bounded if and only if || < 21, which
cannot be obtained from previous work.

The present paper is organized as follows. In Section 2 we focus on H?(ID), and obtain sufficient conditions
for the boundedness of K. In Section 3, we give some general necessary conditions. Then we generalize our

approach to other function spaces. In Section 4 we look at the Bergman space L?(ID).
2. Sufficient conditions for boundedness of K, on H?(D)

Let ¢ be a continuous function on T. As in the introduction we suppose there is a maximal domain
Q- C C\D with T C 08, and a continuous function ¢* defined on Qg- = Q. UT, such that " is
analytic on (2. and coincides with ¢ on T.

For integers m,n > 0, we have
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