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1. Introduction

In this paper we consider global existence for the following two-species chemotaxis system with logistic
source

ur = Au—x1V - (uVw) + pu(l —u—ayv), z€Q, t>0,
v = Av — x2V - (vVw) + pov(l —agu —v), z€Q, t>0, (1.1)
wy = Aw — Aw + au + Pv, ze, t>0

with homogeneous Neumann boundary conditions

ou Ov Ow

=3, =g, =0 TEM >0 (1.2)
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and initial conditions
u(z,0) = uo(x), v(x,0)=vo(z), w(z,0)=we(z), x€ (1.3)

in a smooth bounded domain Q C R™, n > 1, where x1, X2, ¢1, U2, a1, a2, A, a and [ are all positive
constants.

In mathematical biology, system (1.1) is used to describe the movement of two competitive biological
species in response to the same chemical stimulus secreted by themselves. The mutual competition between
them takes place on account of the classical Lotka—Volterra kinetics. The unknown functions u(z,t) and
v(z,t) represent the population densities of two competitive biological species, respectively. The concentra-
tion of the common chemical substance is denoted by w(x,t). The parameters x; and xo are chemotactic
sensitivities; p1 and ps denote the growth rates of two species; a; and as measure the strength of the
competition between u and v. The size of a, 8 and A describe the production and decay of the chemical
signal.

In order to understand the system (1.1) better, let us mention the classical single-species chemotaxis
model [17]

up = Au— V(uVw), xe€Q, t>0,
(1.4)

wy = Aw —w + u, reQ, t>0,

which has been studied in different contexts (see the surveys [2,11,14] and the references therein). From a
mathematical point of view, one of key issues is whether the solutions of (1.4) are global existence or blow
up. It has been shown finite-time blow-up occurs either when n = 2 and fQ ug is larger than the threshold
number [9,15,24], or n > 3 for any prescribed value of fQ ug [24,34]. Since the phenomenon of blow-up is
uttermost in the real biological systems, a large number of variations of the original model (1.4) have been
developed to guarantee global existence of bounded solutions [11]. Among the variations, adding the logistic
kinetics term xu— pu? to the first equation in (1.4) is an effective way to prevent the possibility of explosion.
It is proved that blow-up is ruled out completely either n < 2 [27,28], or n > 3 with suitably large u [33,35].
Moreover, eventual smooth global weak solution has been constructed in three dimension [18].

System (1.1) is a generalization of the classical Keller—Segel model (1.4) to the two-species and signal-
stimuli case. Recently, it has been considered by several authors. Without logistic source in the two-species
chemotaxis, the system inherits some properties from the classical model (1.4). Global existence versus
blow-up of the solutions has been investigated in [3,7,8]. The global existence and asymptotic behavior of
solution is also studied for the two-species chemotaxis model with slow chemical diffusion [25] and for the
two-dimensional Cauchy problem [37].

While the diffusion of chemical signal is much faster than the two populations, system (1.1) can be written
as

ug = Au— x1V - (uVw) + pu(l —u —av), =€ Q, t >0,
ve = Av — oV - (VVw) + pov(l —agu —v), x€Q, t>0,
0=Aw — \w + au + S, ze, t>0.

With strong logistic damping effect, the model allows for global bounded solution [4,19,22,29,30]. Moreover,
conditions of coexistence in the case a1, as € [0,1) [4,22,30] and competitive exclusion when a; > 1 > ag > 0
[22,29] are established, and the convergence rates for solutions of the above system have also been studied
in [22].

Concerning the fully system (1.1) considered in the present paper, it is shown in [1] if n < 2 the corre-
sponding Neumann problem possesses a unique global bounded solution for all positive parameters. It is also
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