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the limit theorem for reflected diffusions by proving that the sequence of solutions
of approximating equations converge uniformly in L? to the unique solution of the

gvzynugfigﬁéai approximation reflected stochastic differential equation. We also prove the approximate continuity
Stochastic differential equations and thus characterize the support of diffusions described by reflected SDEs.
Oblique reflection © 2018 Elsevier Inc. All rights reserved.
Approximate continuity

Support

1. Introduction

The classical relation between stochastic differential equations (SDEs in short) and deterministic ordinary
differential equations was first found by Wong and Zakai [11], and got extensively studied by many following
researchers. For SDEs with normal reflection in smooth domains, Doss and Priouret [2] have established
the convergence in probability of the Wong—Zakai approximation. The case of normal reflections in convex
domains has been studied in [8], where the diffusion coefficients are constants. For the more general case
with nonconstant diffusions, the limit theorem has been established in [10], where Ren and Xu applied the
convergence result to describe the support of solutions of stochastic variational inequalities. For the case
reflected in domains neither smooth nor convex, Aida—Sasaki [1] considered the Wong—Zakai approximation
and obtained the limit theorem.

In the present paper we are concerned with the Wong—Zakai approximation of SDEs with oblique reflec-
tions in a nonsmooth and non-convex domain D C R%:
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X(t)=z+ /U(X(s))dB(s) + /b(X(s))dS +®(t), =z€D. (1.1)

Existence and uniqueness results of solutions are proved in [4] when D satisfies the following conditions in
Case 1 or Case 2:

Case 1. The set of directions of reflection is actually a singleton: R(x) = {y(z)}, and v € C?(R%,R%).
There exists a b € (0,1) such that

UogtgbB({E — tw(x),tb) c D¢, (12)

for z € OD.
Case 2. D = N>, D, for some m > 1 and each D; is an open bounded set. Let I(x) = {i: x ¢ D;}. For
every x € 9D, there is an open neighborhood V' of x such that for y € V, I(y) C I(x).

e Foreachi=1,---,m, dD; is of class C'.

o Assume for each i, there exists v; € C%'(R? R?) such that if n;(z) denotes the unit inward normal
vector at « € 9D;, (ni(z),v:(x)) > 0. Assume also for every z € 9D the convex hull of {y;(x) : ¢ € I(x)}
does not contain the origin. Define the directions of reflection as

Z civi(@)

i€l(x)

R(z) = { Z civi(x) s ¢; 20,

i€l(x)

- 1}. (1.3)

Then the set {ay : @ > 0,7 € R(z)} is a closed convex cone and there is a hyperplane through the
origin that intersects this cone only at the origin.
o For each x € 9D, Jo; > 0, i € I(x) such that

( Z a;vi(x),ni(x)) >0 for jel(x). (1.4)

i€l(x)

o For every « € 0D there is an open neighborhood @ of x and a family {D(y) : y € @} of compact convex
subsets of R? with 0 € D(y) for all y € @ such that the function (y,x) — d(z, D(y))? is C*>*(Q x RY)
and that for all y € Q NID, p € ID(y), for any inward normal vector n at p,

20, if (p,ni(y)) = -1

(1.5)
<0, if(p,ni(y)) <1.

(vi(y), n> {

Here B(a,r) = {x € R?: |z —a| <1}, S(a,7) = {x € R : |z —a| =1}, d(z,0) = inf{|z — y| : y € O}, and
C%>%(0) is the set of real, locally semiconcave functions on O.
For 0 < 6 <1, set

w(w) —w(v)|

||wH7-l,[s,t],9 = sup

scugogt Ju—vl?
[wlloo,[s,5) = ,nax |w(u) — w(v)l,
N
wllfs = sup > fw(te) — wltr—1)l,
=t

where A = s =1ty < ... <ty =t is a partition of the interval [0,t]. Denote by D, f(z,y) and D, f(z,y)
respectively the gradients of f(x,y) with respect to # and y. Let S¢ denote the set of all symmetric d x d
matrices. For a function f defined on U C R?, define
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