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SOME OVERDETERMINED PROBLEMS RELATED TO THE
ANISOTROPIC CAPACITY

CHIARA BIANCHINI, GIULIO CIRAOLO, AND PAOLO SALANI

ABSTRACT. We characterize the Wulff shape of an anisotropic norm in terms of solutions
to overdetermined problems for the Finsler p-capacity of a convex set Q C RY, with
1 < p < N. In particular we show that if the Finsler p-capacitary potential u associated
to € has two homothetic level sets then Q is Wulff shape. Moreover, we show that the
concavity exponent of u is q = —(p — 1)/(IN — p) if and only if Q is Wulff shape.
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1. INTRODUCTION

The aim of this paper is to study some unconventional overdetermined problems for the
Finsler p-capacity of a bounded convex set § associated to a norm H of RN, N > 3.
Given a bounded convex domain © C R, the p-capacity of € is defined by

Cap, () = inf {%/ |Dp|P dz, ¢ € C°(RN), p(z) > 1 for x € Q}
RN

with 1 < p < N. When the Euclidean norm | - | is replaced by a more general norm H(-),
one can consider the so called Finsler p-capacity Capy p(€2), which is defined by

1
Capm,p(§2) = inf {5

for 1 < p < N. Under suitable assumptions on the norm H and on the set {2, the above
infimum is attained and

HP(Dy)dz, p € CRYN), p(z) > lforIEQ} , (1.1)
RN

1
Capm,p(2) = 1; H?(Dug) dz,

]RN
where ugq is the solution of the Finsler p-capacity problem
H, _ N\ O
Aju=0 in RV \ Q,
u=1 on 09, (1.2)
u—0 as H(x) — 4o00.

Here Af denotes the Finsler p-Laplace operator, i.e. Afu = div(HP~Y(Du)VH(Du)). The
function wug is named (Finsler) p-capacitary potential of €.
When (2 is Wulff shape, i.e. it is a sublevel set of the dual norm H|

Q =By, (r)={z RN : Hy(z — ) <7}

(see Section 2 for definitions), the solution to (1.2) can be explicitly computed and it is given

by )
oy () = (M)H (1.3)
with 1
q= —]I\)T:p . (1.4)

Tt is straightforward to verify that the potential v, in (1.3) enjoys the following properties:
(i) the function v9 is convex, i.e. v, is q-concave;
(ii) the superlevel sets of v, are homothetic sets and they are Wulff shapes;
(iii) H(Dwv,) is constant on the level sets of ;.
The aim of this paper is to show that each of the properties (i)-(iii) characterizes the Wulff
shape under some regularity assumptions on the norm H and on €2. In particular, we assume
that H € J, where

Jp={H € CLRY\ {0}), H? € C*'(RV \ {0}) }. (1.5)
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