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Niebur—Poincaré series as Fourier coefficients. This allows us to study twisted traces
of singular moduli in an integral weight setting. In particular, we recover explicit se-

ﬁee?ig)r?lroi;hic modular forms ries expressions for twisted traces of singular moduli and extend algebraicity results
Polar harmonic Maass forms by Bengoechea to the weight 2 case. We also compute regularized inner products of
Quadratic forms these functions, which in the higher weight case have been related to evaluations of
Traces of singular moduli higher Green’s functions at CM-points.

Regularized inner products © 2018 Elsevier Inc. All rights reserved.

1. Introduction

For a positive discriminant A and an integer k > 1, Zagier [24] introduced the weight 2k cusp forms (in
a different normalization)

=

Ak

fea(r) = 7

> Qrnyh (1.1)

QEZ2A

where 2 denotes the set of binary integral quadratic forms of discriminant A. The functions f; A were
extensively studied by Kohnen and Zagier and have several applications. For example, they used these
functions to construct the kernel function for the Shimura and Shintani lifts and to prove the non-negativity
of twisted central L-values [21]. Furthermore, the even periods

/fk,A(it)tQ"dt, 0<n<k-—1)
0

of the fi A are rational [22]. Bengoechea [2] introduced analogous functions for negative discriminants and
showed that their Fourier coefficients are algebraic for small k. These functions are no longer holomorphic,
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but have poles at the CM-points of discriminant A. They were realized as regularized theta lifts by Bring-
mann, Kane, and von Pippich [7] and Zemel [26]. Moreover, Bringmann, Kane, and von Pippich related
regularized inner products of the fi A to evaluations of higher Green’s functions at CM-points.

The right-hand side of (1.1) does not converge for k = 1. However, one can use Hecke’s trick to obtain
weight 2 analogues of the fi a. These were introduced by Zagier [24] and further studied by Kohnen [20].
The aim of this paper is to analyze these weight 2 analogues for negative discriminants. Here we deal
with generalizations fj  y for a level N, a discriminant d, and a fundamental discriminant D of opposite
sign (see Definition 3.1). The fj j, v transform like modular forms of weight 2 for I'o(/N') and have simple
poles at the Heegner points of discriminant dD and level N. Let 24p n denote the set of quadratic forms
[a,b, ] of discriminant dD with a > 0 and N|a, xp the generalized genus character associated to D, and
H(d,D, N) the twisted Hurwitz class number of discriminants d, D and level N (see Subsection 2.2 for
precise definitions). Then we obtain the following Fourier expansion (v := Im(7) throughout).
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Theorem 1.1. For v > |

. 3H(d,D,N mny/|dD
fd’D’N(T):_W[SLQ(() Fo() 2;;5(1[) a,n smh( | ) e(nt),

Nla

, we have

where e(w) := 2™ for all w € C and

soom= S o ([an502]) e (2)

b (mod 2a)
b2=dD (mod 4a)

Remark. The exponential sums Sy p also occur for example in [13] and [20].

Note that we obtain a non-holomorphic term in the Fourier expansion of f] , 5, just like in the case of
the non-holomorphic weight 2 Eisenstein series E3 (see Subsection 2.1). Therefdré, in contrast to the higher
weight case, the f:i, p,.n are in general no longer meromorphic modular forms, but polar harmonic Maass
forms. This class of functions is defined and studied in Subsection 2.3.

We also use a different approach to compute the coefficients of the fj  y, writing them as traces of
certain Poincaré series denoted by Hy(z,-) (see Proposition 2.5). The H} (z,-) are weight 2 analogues of
Petersson’s Poincaré series and were introduced by Bringmann and Kane [5] to obtain an explicit version
of the Riemann—Roch Theorem in weight 0. We obtain the following different Fourier expansion of the
fi p - realizing their coefficients as twisted traces of the Niebur—Poincaré series jn» (see Definition 2.1
and Theorem 2.4).

Theorem 1.2. For v > max{ ‘gDI , 1}, we have
3H(d, D, N
* = — t n
fap.n(T) T[STa(Z) - T E tq,p,n (Jnn)e(nt).

n>0

An interesting phenomenon occurs when I'g(V) has genus 0. Subgroups of this type and their Hauptmod-
uln play a fundamental role in Monstrous Moonshine (see for example [11] for a classical and [14] for a more
modern treatment). When we apply the suitably normalized n-th Hecke operator T;, to the Hauptmodul Jy
for T'g(N), then the Niebur—Poincaré series jy ., coincides with T,,Jx, up to an additive constant. Zagier [25]
showed that, for discriminants d < 0 and D > 0, the functions



Download English Version:

https://daneshyari.com/en/article/8899540

Download Persian Version:

https://daneshyari.com/article/8899540

Daneshyari.com


https://daneshyari.com/en/article/8899540
https://daneshyari.com/article/8899540
https://daneshyari.com

