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Little Hankel operator

1. Introduction

Let B be the unit ball in the complex n-space C™ and V be the Lebesgue volume measure on C"
normalized so that V(B) = 1. The Sobolev space . is the completion of the space of all smooth functions
f on B for which
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where
=1 9% -1 97
for z = (21, , zn) € B. The Dirichlet space Z is then a closed subspace of . consisting of all holomorphic

functions in .. Also we will consider the pluriharmonic Dirichlet space. Recall that a twice continuously
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differentiable function v on B is said to be pluriharmonic if the one-variable function A — u(a+ Ab), defined
for A € C such that a + \b € B, is harmonic for each a € B and b € C". The pluriharmonic Dirichlet space
Dy is a closed subspace of . consisting of all pluriharmonic functions in .. Let P be the orthogonal
projection from . onto &. Also, we let @) be the orthogonal projection from . onto Z. Put

where the derivatives are taken in the sense of distributions and LP = L?(B, V) denotes the usual Lebesgue
space on B.

For u € £1°, the (big) Hankel operators 7, : 9 — 2+ and H, : Dpp — @Iﬁl with symbol u are
bounded operators defined respectively by

Huf =T —P)(uf) and  Hyp=(I—-Q)(pu)

for f € 2 and ¢ € PDpy,. Also, the little Hankel operators h, : 9 — 2 and hﬁh : Dpn, — Dpr, With symbol u
are bounded operators defined respectively by

hof = P(uf)  and  h'o = Q(u¢)

for functions f € & and ¢ € Zp),. Here, for a function g on B, § is the function on B defined by §(z) = g(Z)
for 2 € B. As we will see later, the little Hankel operator k2" is just the Toeplitz operator with symbol u.

In this paper, we study kernels and ranks of the Hankel operators and little Hankel operators on the
Dirichlet space and pluriharmonic Dirichlet space. The corresponding problems have been well studied on
the Hardy space or the Bergman space. On the Hardy space of the unit disk, a well known Kronecker’s
theorem says that the little Hankel operator with symbol « has finite rank if and only if p# is analytic for
some polynomial p; see [7] for example.

On the Bergman space of the unit disk, Das [3] proved that there are no finite rank Hankel operators with
anti-holomorphic symbol and the kernel of a Hankel operator is trivial. Also, at the same paper, finite rank
little Hankel operators and their kernels have been characterized. Later, Guo and Zheng [4] characterized
finite rank little Hankel operators on the Bergman space of bounded symmetric domains.

Also, on the setting of the harmonic Bergman space, it has been shown that there are no nontrivial
Hankel operators with harmonic symbol; see [9]. Recently, on the Dirichlet space of the unit disk, finite rank
little Hankel operators have been characterized in [5] where an argument which can’t be extended to the
unit ball has been used.

In this paper, we study the corresponding problems for Hankel operators and little Hankel operators on
the Dirichlet space and pluriharmonic Dirichlet space. In Section 3 we study kernels of Hankel operators.
We first show that the kernel of a Hankel operator is trivial on the Dirichlet space Z; see Proposition 1.
But, for the Hankel operator acting on the pluriharmonic Dirichlet space Zpy, it has been shown that the
kernel is not trivial in general by describing kernels of Hankel operators with pluriharmonic symbol; see
Theorem 4.

In Section 4, we study the problem of when a Hankel operator has finite rank. We show that there are
no nonzero finite rank Hankel operators with pluriharmonic symbol; see Theorem 9.

In Section 5, ranks of little Hankel operators have been studied. Using the known result [4] on the Bergman
space mentioned above, we first characterize finite rank little Hankel operators with pluriharmonic symbol
on the Dirichlet space; see Theorem 15. But, on the pluriharmonic Dirichlet space, we show that there are
no nontrivial little Hankel operators with pluriharmonic symbol; see Corollary 17.

Our results mentioned above show that there are several differences and similarities between the results
for the Hankel operators and little operators on the Dirichlet space and pluriharmonic Dirichlet space.
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