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localized operators on FP, we characterize the compact operators in the algebra
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generated by weakly localized operators. As an application, for 0 < p < co we prove
that an operator T' in the algebra generated by bounded Toeplitz operators with
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Compactness condition on linear operators 7', which ensures T' is compact on FP? for all possible
0<p<oo.
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1. Introduction

Let H(C") be the collection of all entire functions on C", and let wy = dd°|z|? be the Euclidean Kihler
form on C", where d° = @(5 —0). Set B(z,r) to be the Euclidean ball in C" with center z and radius 7,
and B(z,7)¢ = C"\B(z,r). Throughout the paper, we assume that ¢ € C?(C") is real-valued and there are
two positive numbers M7, My such that

M1Ld0 S ddcgo S MQWQ (11)

in the sense of currents. The expression (1.1) will be denoted as dd®p ~ wq. Given 0 < p < oo and a positive
Borel measure p on C", let LE (1) be the space defined by

LE(p) = {f is g-measurable on C" : f(-)e %) € LP(C",d,u)} .
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When dp = dV, the Lebesgue measure on C", we write L?, for L? (1) and set

1
P

Tav(z)

7l = | [ [#1ee@
CTL
For 0 < p < oo the Fock space F¥ is defined as F§ = L, N H(C"), and

By = {f € H(C"): [flloep = sup If(2)] 7% < oo}-

F? is a Banach space with norm || - [[,, when 1 < p < oo and F} is a Fréchet space with distance
p(f,9) = IIf —glb, if 0 < p < 1. The typical model of ¢ is ¢(z) = §|z* with o > 0, which induces
the classical Fock space. For this particular special weight ¢, FZ and || - ||, will be written as F} and
Il - lp,a, respectively. The space F? has been studied by many authors, see [2,5,7,18 21] and the references
therein. Another special case is with ¢(z) = §[z|> — 3 In(A + |2[*) with suitable A > 0, and then F? is the
Fock—Sobolev space F?™ studied in [3,4].

It is well-known that F 3 is a Hilbert space with inner product

() = [ 15 v (e).
Cn
Given z,w € C™, the reproducing kernel of Fg will be denoted by K, (w) = K(w, z). We write k, = HKTT#,
to denote the normalized reproducing kernel. Given some bounded linear operator T on FZ, the Berezin
transform of T is well defined as

T(2) = (Ths, bz 2,

since Tk, € F§ C FZ° and k, € Fé. Set P to be the projection from Li to Fz, that is

Pf(z) = /f(w)K(z,w)eiQ‘p(“’)dV(w) for f € Li.
Cn

For a complex Borel measure p on C" and f € F%, we define the Toeplitz operator T, to be

T,1(:) = [ f)K (e dutw).
Cn

If du = gdV, for short, we will use T, to stand for the induced Toeplitz operator and will use that g = ?g.

In the case of Fock spaces F2, fixed g bounded on C", [(Tyk., k)| as a function of (z,w) decays very
fast off the diagonal of C™ x C", see [20, Proposition 4.1]. From this point of view, Xia and Zheng in [20]
introduced the notion of “sufficiently localized” operators on F2 which include the algebra generated by
Toeplitz operators with bounded symbols, and they proved that, if T' is in the C*-algebra generated by the
class of sufficiently localized operators, T is compact on F?2 if and only if its Berezin transform tends to zero
when z goes to infinity. In [10], Isralowitz extended [20] to the generalized Fock space Fj with ddp ~ wp.
Isralowitz, Mitkovski and the third author extended Xia and Zheng’s idea further in [11] to what they called
“weakly localized” operators on F with 1 < p < co. They showed that, if T"is in the C*-algebra generated
by the class of weakly localized operators, T' is compact on FJ if and only if its Berezin transform shares
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