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obtain uniqueness on it. Furthermore, for the case of Riemannian models we study
properties of radial symmetry and monotonicity for semi-stable solutions.
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1. Introduction

Let (M, g) be a complete Riemannian manifold with dimension N, Q@ C M a smooth bounded domain
and A(z) a smooth vector field over Q. In the present paper, we investigate the following class of nonlinear
elliptic differential equations involving singular nonlinearities and advection

—Agu+ A(z) - Vou=Af(u) in Q,
u>0 in €, (P)\)
u=0 on Of.

We analyze (P)) for the following types of nonlinearities:
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(4) f(s) =¢° (Gelfand)
(11) f(s) = (14+s)™ m>1 (Power-type) (1.1)
(i) f(s) = 1/(1—s) (MEMS)

The main purpose of this paper is to study the minimal branch and regularity properties for minimal
solutions of (P)). We first prove that there exists some positive finite critical parameter A* such that for
all 0 < A < A\* the problem (P)) has a smooth minimal stable solution u, while for A > A\* there are no
solutions of (P)) in any sense (cf. Theorems 1.1). We determine the critical dimension N* for this class of
problems, precisely we prove that the extremal solution of (Py) is regular for N < N* and it is singular for
N > N*. We see that the critical dimension depends only on the nonlinearity f(s) and does not depend
of the Riemannian manifold M (cf. Theorem 1.2 and (1.4)). For that, we establish L> estimates, which
are crucial in our argument to obtain regularity of the extremal solutions. We also prove multiplicity of
solutions near the extremal parameter and uniqueness on it (cf. Theorem 1.3 and Theorem 1.4). Moreover,
we prove radial symmetry and monotonicity for semi-stable solutions of (P)) if = By is a geodesic ball
of a Riemannian model M (cf. Theorem 1.5).

1.1. Statement of main results

Before we state our main results we recall some standard notations and definitions related with problem
(Py). Next we are assuming the following values for sg, which depends of the type of considered nonlinearity,
precisely,

(i) sp =4oo if f(s)=¢€* (Gelfand)
(i)  sp = +oo if f(s)=(1+s)™  (Power-type)
(i13) so =1 if f(s)=1/(1-s)? (MEMS)

Classical solution: u € C%(Q) N C(Q) is a classical solution of (P) if it solves (P ) in the classical sense
(i.e. using the classical notion of derivative).

Weak solution: u € Wy>(€) is a weak solution of (Py) if 0 < u < s¢ almost everywhere in Q and u = so in
a subset with measure zero such that f(u) € L?(Q2) and

/(vgu Vyb+ ¢A-Vu) dv, = A/f(u)¢dvg, Vo € W, (Q). (1.2)
Q Q

We also consider weak subsolution (weak supersolution) in analogy with this definition. For instance, u €
W,y 2(2) is a weak subsolution of (Py) if 0 < u < so almost everywhere in Q and u = sq in a subset with
measure zero such that f(u) € L?(Q) with “<” (“>") instead of “="in (1.2).

Minimal solution: For problem (P ), we say that a weak solution u € W,*(Q) is a minimal solution if
u < v almost everywhere for all v supersolution. We denote minimal solution of (Py) by u,.

Regular solution: We say that a weak solution u of (P)) is a regular solution if supg u < sq.

Semi-stable solution: We say that a classical solution u of (Py) is semi-stable solution provided that

[ (9,6 +€4w)- 9,0 vy > [ A7 wigan,, ve e cle) (13)

Q Q
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