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1. Introduction and statement of main results

The purpose of this note is to show that the classical one-parameter convolution singular integrals on the
Heisenberg group are bounded on multiparameter flag Hardy spaces. Recall that the Heisenberg group H"
is the Lie group with underlying manifold C" x R = {[z,t] : z € C",t € R} and multiplication law

n
[2,t] o [2/,t'] = 21, ,2n,t] 0 [2], -+ , 20, t] = [21+21,~-~ ,zn+z;7t+t'+21m(22j2j)].
j=1

The identity of H" is the origin and the inverse is given by [z, ]! = [~2, —t]. Hereafter we agree to identify
C" with R?" and to use the following notation to denote the points of C" xR = R*"*1: g = [2,t] = [z, y,t] =
[T1, - Zp, Y1, Un, t] With 2 = [21,-++ , 2p], 2; = x; + iy; and zj,y;,t € R for j = 1,...,n. Then, the
composition law o can be explicitly written as

gog =lzytlol Y, t'|=x+a"y+y t+t' +2y,2") —2(x,y)],
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where (-, -) denotes the usual inner product in R”™.
Consider the dilations

S, H™ = H", 6,.(9) = 6.([2,t]) = [rz,r2t].

A trivial computation shows that 6, is an automorphism of H™ for every r > 0. Define a “norm” function
p on H"™ by

p(9) = pl[z,1]) == max{|z|, |¢]'/*}.
It is easy to see that p(g~!) = p(—g) = p(9), p(0-(9)) = rp(g), p(g) = 0 if and only if g = 0, and
plgog) <~(p(g) + p(g")), where v > 1 is a constant.

The Haar measure on H" is known to just coincide with the Lebesgue measure on R?"*!. For any
measurable set E C H", we denote by |E| its (Haar) measure. The vector fields

0] 0] 0 0 0 .
T._E’ Xj'_aTj_Qyja’ }/j—a—yJ—FQ.Tja, j—l,"',?’b,

form a natural basis for the Lie algebra of left-invariant vector fields on H". For convenience we set X,,1; :=
Y; for j =1,2,--- ,n, and set Xo,41 := 7. Denote by )?j, j=1,---,2n—+1, the right-invariant vector field
which coincides with X; at the origin. Let N be the set of all non-negative integers. For any multi-index
I= (i1, yignp1) € N1 weset X1 = X1 X0 X024 and X7 = X} X532 -~ X2+ It is well known
that ([6])

X(fusfo) = fox (X o), X'(frx fo) = (XT ) % fo, (XTf0) % fo = frx (X7 fo),
and
X1 = (-)xy,
where f is given by f(g) := f(g~'). We further set
[I| ==y 4+ - +ions1  and  d(I) =iy + - +igp + 22y

Then |I| is said to be the order of the differential operators X’ and X!, while d(I) is said to be the
homogeneous degree of X and X7,

Definition 1.1 (/74]). A function ¢ is called a normalized bump function on H" if ¢ is supported in the unit
ball {g = [z,t] € H" : p(g) < 1} and

|02 10(2,1)| <1 (1.1)
uniformly for all multi-indices I € N?2"*! with |I| < N, for some fixed positive integer .
Remark 1.2. The condition (1.1) is equivalent (module a constant) to the following one:
XT6(g)] <1 (1.2)

for all multi-indices I with |I| < N. Indeed, this follows from the following the homogeneous property of
the “norm” p and the fact that
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