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The Orlicz–Sobolev norm is invariant only under rigid motions but is not invariant 
under volume preserving affine transformations on R

n. In this paper, we will consider 
the Orlicz–Sobolev norm in the affine class and characterize its minimum.
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1. Introduction

Let φ : [0, ∞) → [0, ∞) be a convex, strictly increasing, continuously differentiable function on (0, ∞) with 
φ(0) = 0. The Orlicz space Lφ(Rn) associated with the function φ is the space equipped with the Luxemburg 
norm defined as

‖f‖φ = inf
{
λ > 0 :

∫

Rn

φ
( |f(x)|

λ

)
dx ≤ 1

}
, (1.1)

for any measurable function f on R
n. If |f | is replace by the length of the gradient ∇f , then the Orlicz–

Sobolev norm can be defined by

‖∇f‖φ = inf
{
λ > 0 :

∫

Rn

φ
( |∇f(x)|

λ

)
dx ≤ 1

}
. (1.2)

✩ The first author was supported by the National Natural Science Foundation of China (No. 11626115 and 11701219). The second 
author was supported by NSFC-Henan Joint Fund (No. U1204102) and Key Research Project for Higher Education in Henan 
Province (No. 17A110022).
* Corresponding author.

E-mail addresses: hqz376560571@163.com (Q. Huang), liaijun72@163.com (A.-J. Li).

https://doi.org/10.1016/j.jmaa.2017.12.033
0022-247X/© 2017 Elsevier Inc. All rights reserved.

https://doi.org/10.1016/j.jmaa.2017.12.033
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jmaa
mailto:hqz376560571@163.com
mailto:liaijun72@163.com
https://doi.org/10.1016/j.jmaa.2017.12.033


JID:YJMAA AID:21894 /FLA Doctopic: Functional Analysis [m3L; v1.227; Prn:15/12/2017; 10:23] P.2 (1-11)
2 Q. Huang, A.-J. Li / J. Math. Anal. Appl. ••• (••••) •••–•••

The Orlicz–Sobolev space equipped with the Orlicz–Sobolev norm extends the usual Sobolev space in that 
the role of Lebesgue space is played by the more general Orlicz space. In other words, the Orlicz–Sobolev 
space W 1,φ(Rn) is the set of all weakly differentiable functions in Lφ(Rn) whose gradient belongs to Lφ(Rn). 
Nowadays, this space has been investigated extensively, see e.g., [1–17,19–22,25–29].

Notice that the Orlicz–Sobolev norm is invariant only under rigid motions but is not invariant under 
volume preserving affine transformations on R

n. In this paper, we will consider the Orlicz–Sobolev norm in 
the affine class and characterize its minimum. Denote fT (x) = f(Tx) for every T ∈ SL(n) and x ∈ R

n. The 
existence of the minimal Orlicz–Sobolev norm in the affine class is as follows.

Theorem 1.1. Suppose f ∈ W 1,φ(Rn) is not equal to a constant function almost everywhere. Then there 
exists a unique (up to orthogonal transformations) Tφ ∈ SL(n) which minimizes {‖∇fT ‖φ : T ∈ SL(n)}.

The minimal affine Orlicz–Sobolev norm is characterized in the following.

Theorem 1.2. Suppose f ∈ W 1,φ(Rn) is not equal to a constant function almost everywhere and the inte-
gral

∫
Rn |∇f(y)|φ′

(
|∇f(y)|
‖∇f‖φ

)
dy exists. Then

‖∇f‖φ = min
T∈SL(n)

‖∇fT ‖φ (1.3)

if and only if
∫

Rn

∇f(x) ⊗∇f(x) 1
|∇f(x)|φ

′
( |∇f(x)|
‖∇f‖φ

)
dx = 1

n

∫

Rn

|∇f(x)|φ′
( |∇f(x)|
‖∇f‖φ

)
dxIn, (1.4)

where ∇f⊗∇f is the rank-one orthogonal projection onto the space spanned by the vector ∇f and In denotes 
the identity operator on R

n. Moreover, modulo orthogonal transformations, In is the unique operator which 
minimizes {‖∇fT ‖φ : T ∈ SL(n)}.

Note that, if φ(t) = tp for p ≥ 1, then Lφ(Rn) = Lp(Rn) and W 1,φ(Rn) = W 1,p(Rn). The 
Orlicz–Sobolev norm ‖∇f‖φ reduces to the usual Lp-Sobolev norm ‖∇f‖p. Notice that the integral ∫
Rn |∇f(y)|φ′

(
|∇f(y)|
‖∇f‖φ

)
dy = p‖∇f‖p−1

p , and we can remove its existence in Theorem 1.2. Thus, we im-
mediately obtain the following corollary due to the authors [18] (the case p = 2) and Lutwak, Lv, Yang, 
Zhang [24]. The ‘only if’ part is new.

Corollary 1.3. Suppose p ≥ 1 and f ∈ W 1,p(Rn) is not equal to a constant function almost everywhere. Then

‖∇f‖p = min
T∈SL(n)

‖∇fT ‖p,

if and only if
∫

Rn

|∇f(x)|p−2∇f(x) ⊗∇f(x)dx = 1
n

∫

Rn

|∇f(x)|pdxIn. (1.5)

Moreover, modulo orthogonal transformations, In is the unique operator which minimizes {‖∇fT ‖p : T ∈
SL(n)}.

Besides, we shall mention that the proof in [18, Theorem 4.3] can also be used to obtain identity (1.5)
by taking Φ(v)p = |u · v|2|v|p−2.
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