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Article history: Mixed volumes V (K1, ..., K4) of convex bodies K1,..., Ky in Euclidean space R?
Received 15 May 2017 are of central importance in the Brunn—Minkowski theory. Representations for mixed
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' volumes are available in special cases, for example as integrals over the unit sphere
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with respect to mixed area measures. More generally, in Hug-Rataj-Weil (2013)
[11] a formula for V(Kn], M[d —n]), n € {1,...,d — 1}, as a double integral over

ﬁ?iewdozismmes flag manifolds was established which involved certain flag measures of the convex
Mixed functionals bodies K and M (and required a general position of the bodies). In the following,
Curvature measures we discuss the general case V(Ki[ni],..., Kg[ng]), n1 + -+ + nr = d, and show
Flag measures a corresponding result involving the flag measures Q,, (Ki;+),..., Qn, (Kk;-). For
Grassmannian this purpose, we first establish a curvature representation of mixed volumes over
Integral geometry the normal bundles of the bodies involved. We also obtain a corresponding flag

representation for the mixed functionals from translative integral geometry and a
local version, for mixed (translative) curvature measures.
© 2017 Elsevier Inc. All rights reserved.

1. Introduction

Mixed volumes of convex bodies build a basic concept and tool in the Brunn—-Minkowski theory of convex
geometry. They arise by combining two fundamental geometric notions, the Minkowski addition of sets and
the volume functional V. Namely, for convex bodies K1, ..., K} (non-empty compact convex sets) in R?,
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d > 2, and numbers t1,...,t; > 0, the volume of the linear combination ;K7 + - - - + 3, K}, (which is again
a convex body) is a (homogeneous) polynomial in t1,...,t, that is
k k
Va(tr Ky 4o+ i Kp) = Y oo Y iy b, VG, Ky, (1)
=1 ig=1

The coefficients V (K, , ..., K;,) are assumed to be symmetric and are therefore uniquely determined. More-
over, V(K;,,...,K;,) is linear in each of its entries K;,,..., K;,. For further basic properties of mixed
volumes and all other notions from convex geometry which we use, we refer to the book [19]. As usual, we
abbreviate by V(K1[n1], ..., Ki[ng]) the mixed volume where the body K; appears n; times, fori =1,...,k,
and ny + - - - + ng = d. The functional V(Ki[n4],..., Kx[ng]) is homogeneous of degree n; in K.

In [11], it was shown that
V(K|[n], M[d —n]) = / Frd=n(u, U, v, V) Q (K; d(u, U)) Qa—n(M;d(v,V)), (2)

where Q,(K;-) and Qq_,,(M;-) are flag measures of K and M, respectively, the function f, 4_, is inde-
pendent of K and M, and the integration is over the manifold of flags (u,U) (respectively (v, V')). For this
formula, we had to assume that K and M are in general relative position with respect to each other. If
K and M are polytopes, this condition is, for instance, satisfied if K and M do not have parallel faces of
complementary dimension. The proof of (2) was based on a curvature representation of mixed function-
als from translative integral geometry which was proved in [17] and used the fact that the mixed volume
V(KIn],—M]|d — n]) and the mixed functional V,, 4, (K, M) from translative integral geometry coincide
(up to a binomial coefficient).

The iteration of translative integral formulas yields an expansion which resembles (1) but involves mixed
functionals of a different nature. Namely,

~~/Vj(K1 N (Kz+22) NN (K + 21)) HE(dzg) - - H(dzo)
R4 R4
d

- 3 Verown (K1, Ky) (3)

Tl Th=]
ri+-+ry=(k—1)d+j

for j = 0,...,d, where H? denotes the d-dimensional Hausdorff measure. Translative integral formulas are
at the basis of integral geometry and have important applications in stochastic geometry. We refer to [20,
Section 6.4 and Chapter 9], for background information, and for details of such applications and for further
references. Since j is determined by j =71 + -+ + 1, — (k — 1)d, we skipped the upper index (j) which was
used in [20] and previous papers for the mixed functionals on the right-hand side of (3). We remark that
Vey e (K1, ..., K) is symmetric in the bodies involved, as long as Ki,. .., K and 71,...,r; undergo the
same permutation. Moreover, if 7, = 0 (hence j = 0), then the mixed functional V., ., (Ki,..., K}) does
not depend on Kj, and if rp = d, then

V’I‘l,.‘.ﬂ‘k (K17 AR )Kk) = Vrl,...,rk,l(KL MR Kk—l)vd(KkJ)'

Hence, we may concentrate on the cases where 1 < 7q,...,r; < d — 1. Since V,, ., (K1,...,Ky) is
homogeneous of degree r; in K;, i = 1,...k, the total degree of the mixed functional is r; + --- + 7, =
(k — 1)d + j. Therefore, for k > 2 or for k = 2 and j > 0, the mixed volume V(Ki[nq],..., Ki[nk]) and
the mixed functional V,, . (Ki,..., Kj) have completely different homogeneity properties. In fact, apart
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