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Effect of cross-diffusion in the diffusion prey-predator model

with a protection zone II ∗

Shanbing Li1, † Yoshio Yamada2
1 School of Mathematics and Statistics, Xidian University, Xi’an, 710071, PR China
2 Department of Mathematical Sciences, Waseda University, Tokyo, 169-8555, Japan

Abstract–In the current paper, we continue the mathematical analysis studied in [S.
Li et al., Discrete Contin. Dynam. Syst. 37 (2017) 411-430, K. Oeda, J. Differential
Equations 250 (2011) 3988-4009 ], and further study the effect of cross-diffusion for
the predator on the stationary problem. The existence of positive solutions is first
established by the bifurcation theory. We next discuss the limiting behavior of positive
solutions when the intrinsic growth rate of the predator species tends to infinity.
Moreover, as the prevention coefficient tends to infinity, we obtain two shadow systems
and give the complete limiting characterization of positive solutions.
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1 Introduction

This paper is devoted to studying the following prey-predator model with a protection zone and
nonlinear diffusions:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ut = Δ[(1 + kρ(x)v)u] + u(λ− u− b(x)v), (x, t) ∈ Ω× (0,∞),

vt = Δ
[(

1 + α
1+βu

)
v
]
+ v(μ− v + cu), (x, t) ∈ Ω \ Ω0 × (0,∞),

∂nu = 0, (x, t) ∈ ∂Ω× (0,∞),

∂nv = 0, (x, t) ∈ ∂
(
Ω \ Ω0

)× (0,∞),

u(x, 0) = u0(x) ≥ 0, x ∈ Ω,

v(x, 0) = v0(x) ≥ 0, x ∈ Ω \ Ω0,

(1.1)

where Ω is a bounded domain in RN with smooth boundary ∂Ω, Ω0 is a subdomain of Ω with
smooth boundary ∂Ω0 such that Ω0 ⊂ Ω, the parameters k, α, β, λ, μ, c are constants with λ, c
positive and k, α, β nonnegative, μ may change sign, b(x) and ρ(x) are smooth functions in Ω with
ρ(x) = b(x) = 0 in Ω0 and ρ(x) > 0 and b(x) > 0 in Ω \Ω0. For more details on the protection zone
see references [3,8–11,15,17,22,23,25] and references therein. For more details on the cross-diffusion
see references [2, 5, 12–14,16,19–21,26,29] and references therein.

In (1.1), when cross-diffusion is absent, i.e., k = α = 0, Du et al. have studied the effects
of protection zone for the prey on Holling type II prey-predator model [8], and they have obtained
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