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1. Introduction

The nonlinear Schrédinger equation

0
za—qf +rAY + x|v*Y =0, t>0, zeR", (1.1)
arises as a canonical model of physics from the studies of continuum mechanics, condensed matter, nonlinear
optics, plasma physics [15,34]. A standing wave solution of (1.1) is in a form of ¢ (z,t) = exp(Xit)¥(z) and
U satisfies a nonlinear elliptic equation:

rAU — AU + x|U2T =0, =z eR" (1.2)

which has been extensively considered in the last a few decades [9,10,33]. Here r is interpreted as the
normalized Plank constant, x describes the strength of the attractive interactions and A is the wavelength.
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Standing wave solutions of more general Schrodinger type equations have also been studied in [7,8,14,16,
17,20,21,25,26,28,29,36,38].

While the standard spatial setting for the nonlinear Schrédinger equation is the Euclidean space R™ for
n = 1,2, 3, there has been recent interests on wave propagations on thin graph-like domains which can be
approximated by metric graphs (or quantum graphs) [11,18,23,32]. A metric graph is a graph G = (V, E)
with a set V' of vertices and a set E of edges, such that each edge e € F is associated with either a closed
bounded interval I, = [0,[] of length [, > 0, or a closed half-line I, = [0,00) with [, = co in this case.
The notion of graph is central to this paper, and we refer the reader to [12,39] for the basic definitions in
graph theory. For each edge e € E joining two vertices vy,v2 € V, a coordinate system z. is chosen along
I. = ]0,1.], in such a way that v, corresponds to z. = 0 and vy to z, = [, or vice versa. In the case that
le = 0o, we always assume that the half-line I, is attached to the remaining part of the graph at x. = 0,
and the vertex corresponding to x. = 400 is called a vertex at infinity. The subset of V' consisting of all
vertices at infinity is denoted by Vi [5].

In this paper, we investigate the existence and nonexistence of ground state solutions to a nonlinear
Schrodinger (NLS) equation on a connected metric graph G = (V, E):

—u!! + ue = |ue[P7%u,, for each edge e € E,

due
Y (v) =0, for each vertex v € V\V,
« dwe (1.3)
Ue, (V) = e, (v), if e; > vand e; > v for some v € V\V,

u = (u.) € HY(G),

where p > 2 and e > v means that the edge e is incident to a vertex v. In (1.3), the sum of flux from all
edges incident at the vertex v is zero, which is the Kirchhoff’s circuit law; and second boundary condition
that uc, (v) = ue, (v) is known as the continuity condition at the vertex v. If the vertex v is an endpoint
(only one edge is incident to v), then the Kirchhoff’s condition becomes the Neumann boundary condition
at v. If v € Vo, there is no given boundary condition but we consider the problem in H' space hence we
must have Iliinoo ue(we) = 0 for u, € HY(I.) and I, = [0, +00). Here LP(G) is the space defined as the set

of functions u : G — R such that

/\u|pd:r = Z/|ue\ dz, < 00,

eGEI

and H'(G) is the Sobolev space defined as the set of functions u : G — R such that u = (u.) is continuous
on G and u, € H(I,) for every edge e € E with the natural norm

i) = [0 @F + u@)P)de = 3 [ Qi)+ el P

G eEEI

The energy function corresponding to (1.3) is defined by
_1 / 2 2 1 1
32 [l + o) Py = 3 [luewPdne, we '@, (14
e 1. e 1.
A critical point u € HY(G) of J(-, G) satisfies that for any w = (w.) € H'(G), we have

(J' (u,G), Z/ uwl, 4 uewe — |ue|P " 2uow,)dx, = 0.
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