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Abstract

In this work we show that the family of closed convex sets with the almost fixed point property is not stable under
renormings for non-reflexive Banach spaces. This, together with a result by Reich, shows that a Banach space is
reflexive if and only if it has the same family of closed convex sets with the almost fixed point property for every
equivalent norm.
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1. Introduction and Preliminaries

A closed convex subset C of a Banach space (X, ‖ · ‖) is said to have the almost fixed point property (AFPP) if
inf{‖x − T x‖ : x ∈ C} = 0 for every nonexpansive mapping T : C → C, where nonexpansiveness means ‖T x − Ty‖ ≤
‖x − y‖ for every x, y ∈ C. It is well-known that every closed convex subset has the AFPP whenever it is bounded.
Otherwise, closed convex unbounded sets with the AFPP can be characterized by using geometrical properties. A set
C is linearly bounded if its intersection with every line is bounded. For reflexive Banach spaces S. Reich [6] proved
the following:

Theorem 1.1. Let X be a reflexive Banach space and let C be a closed convex subset of X. Then C has the AFPP if

and only if C is linearly bounded.

However, every non-reflexive Banach space contains a closed convex linearly bounded set C that fails to have the
AFPP [7, Proposition 3.5 and Theorem 3.2], which shows that linear boundedness does not characterize the AFPP
unless the Banach space is reflexive.

For general Banach spaces, I. Shafrir [7] introduced the concept of directionally bounded set: A convex unbounded
subset C ⊂ X is said to be directionally bounded if for every (xn) ⊂ C with limn ‖xn‖ = +∞ and for every f ∈ X∗ with
‖ f ‖ = 1,

lim sup
n

f

(
xn

‖xn‖
)
< 1.

Theorem 1.2. [7] A closed convex set of a Banach space satisfies the AFPP if and only if it is directionally bounded.

In particular, every closed convex directionally bounded subset is linearly bounded, but these two concepts are not
equivalent beyond reflexivity assumptions.

In this paper we study the stability under renormings of the class of closed convex sets with the AFPP. Since the
concept of being linearly bounded is preserved under renormings, the class of closed convex subsets with the AFPP is
invariant for every equivalent norm in reflexive Banach spaces. However, in the absence of reflexivity, we can pose the
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