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1. Introduction and main result
The singular bounded value problem of the type

—Au = puP~t + Ap(z)u=7, in Q, (1)
u=0, on 01}, .
with © is a bounded smooth domain in RN, N >3, v € (0,1),1 < p < 2* and \,z > 0 are two numbers,
has been investigated by many researchers by imposing different types of hypotheses on A,y and p. For
example, the existence or uniqueness of positive solutions to problem (1.1) has been studied extensively in
the case when p = 0 (see [6-21] and the references therein). If x # 0, in [18] the authors established two
positive solutions to problem (1.1) via the Ekeland’s variational principle, provided 1 < p < 2* and A > 0
is enough small. In [20], by means of the sub-supersolutions and variational arguments. Yang considered
the problem (1.1) with p(z) = 1, p = 2* and p = 1, obtained that the problem has two positive solutions.
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In addition, in [17-19], the authors proved problem (1.1) possesses at least two positive solutions by the
Nehari manifold and careful estimates. In the case when 0 < v <1 < p < 2* and y, p(z) = 1, by using the
variational method, Hirano et al. in [8] showed the existence of at least two positive solutions if A > 0 is
sufficiently small.

Summing up, the similar problem with the Dirichlet boundary conditions has been intensively studied in
the literature, however the Neumann problem has attracted less attention. Specifically, Chabrowski in [4]
investigated the existence of positive solutions for singular Neumann problem with variational structure:

u _ ), on 0,

{—Au =u¥ '+ AP(z)uY, in Q,
v

here A > 0 is a real parameter, v € (0,1) is a constant, P € C(Q2) and P > 0 on Q. The author proved the
existence of at least one solution by means of the approximation and variational methods. After this, Liao
et al. in [12] considered the combined effect of critical and singular nonlinearities in Neumann problems of
the form:

—Au+u=P)u 14+ AQ(x)u~", in Q,

u >0, in Q,
g—’lj =0, on 0f),

where P,Q € L>®(Q) are two nonzero nonnegative functions. By using the variational methods, there was a
positive solution of the problem with negative energy.
In [5], Chen considered the following singular elliptic equation with Neumann boundary problem:

2% (s)—2
—Au—u%:m—gu—i—)\f(x,u), in Q,
|z |z
D u+ a(x)u=0, on OQ\{0},

where N > 5,0 < s < 2, 2%(s) = %, a € L™(Q), a(x) > 0 and f satisfies some suitable conditions,
based on the dual fountain theorem, and infinitely many negative energy solutions were established.

Thus, observing the all above studies, an interesting question is whether multiplicity of positive solutions
can be established for Neumann problem with negative exponent? Based on the work [2], we shall give some
multiplicity results for the following Neumann problem:

_ 251 - :
{—Au-u + Au™7, in §, (12)

% =0, on Of).
We define the functional

1 1
To(u) = E/|vu|2dx— 2—*/|u
Q

Q

Y dx — % / lul*"dz, Yue H'(Q).
Q

In general, a function u is called a positive solution of (1.2) if u € H(Q) and for all v € H*(£) it holds
/Vquda: - /uQ*flvdx - /\/uf'yvdx = 0.
Q Q Q

It is well known that the singular term leads to the non-differentiability of the functional Iy on H'(Q)
the space H'(Q) is equipped with the norm ||ul|? = Vul|? + |u|?)dx), therefore problem (1.2) cannot
Q
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