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Let Ω ⊂ Cn be a domain and 1 ≤ q ≤ n − 1 fixed. Our purpose in this article is to 
establish a general sufficient condition for the closed range of the Cauchy–Riemann 
operator ∂̄ in appropriately weighted L2-Sobolev spaces on (0, q)-forms. The do-
mains we consider may be neither bounded nor pseudoconvex, and our condition is 
a generalization of the classical Z(q) condition that we call weak Z(q). We provide 
examples that explain the necessity of working in weighted spaces both for closed 
range in L2 and, even more critically, in L2-Sobolev spaces.

© 2017 Elsevier Inc. All rights reserved.

1. Introduction

This paper is a continuation of [12]. We suppose that Ω ⊂ Cn is a smooth domain, and we require neither 
boundedness nor pseudoconvexity of Ω. Our objective to find the weakest possible sufficient condition that 
ensures the Cauchy–Riemann operator ∂̄ has closed range on (0, q)-forms in L2-Sobolev spaces, for a fixed q, 
1 ≤ q ≤ n − 1. In [12], we proved closed range only in L2. When Ω is bounded and pseudoconvex, our result 
reproduces the classical cases (e.g., Kohn [16]).

We continue to explore the weak Z(q) hypothesis that we introduced in [10]. Weak Z(q) (defined below) 
is a curvature condition on the Levi form that suffices to prove that the range of ∂̄ is closed in L2

0,q or L2
0,q+1

on bounded domains in Stein manifolds as well as unbounded domains with uniform C3 regularity. The 
weak Z(q) condition is a more general version than the authors’ condition in [7], and is closely related to, 
but still more general than, related conditions in [14], [1], and [18] which have been investigated for closed 
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range of ∂̄ (or ∂̄b) in a variety of settings. Its name derives from the fact that it generalizes the classic Z(q)
condition (see [15], [4], [2], or [3]).

Unbounded domains in Cn may exhibit very different behavior than bounded ones. For example, Ω satis-
fies the classic Z(q) condition when the Levi form has either at least q+1 negative or at least n − q positive 
eigenvalues at every boundary point. However, on any bounded domain, there must be at least one strictly 
(pseudo)convex boundary point, which forces (by continuity of the eigenvalues of the Levi form) a bounded 
Z(q) domain in Cn to have at least n − q positive eigenvalues at every boundary point. Hence, a large class 
of interesting local examples (those with at least q + 1 negative eigenvalues) cannot be realized globally as 
bounded domains in Cn (or indeed any Stein manifold). For an in depth look at the consequences of Z(q)
for unbounded domains, please see [11].

In order to prove closed range of ∂̄ in L2 on any reasonable class of unbounded domains, it is necessary 
to work in weighted L2 spaces. Unlike in the bounded case, these weighted L2 spaces are not equivalent 
to the unweighted spaces. A simple counterexample demonstrates the necessity of using a weight function. 
Suppose that Ω contains balls of arbitrarily large radii. We want to see that the closed range estimate

‖u‖L2(Ω) ≤ C(‖∂̄u‖L2(Ω) + ‖∂̄∗u‖L2(Ω)) (1.1)

cannot hold for any C > 0. Also ∂̄∗ is the L2 adjoint of ∂̄ (see Section 2 for details on the notation). The Siegel 
upper space {(z, w) ∈ Cn+1 : �w > |z|2} satisfies the large ball condition and is the unbounded domain par 
excellence – its boundary is the Heisenberg group and it is also biholomorphic to the unit ball. By the large 
ball condition, there exists zR ∈ Ω such that B(zR, R) ⊂ Ω for every R > 0. Let u1 ∈ C∞

0,(0,q)(B(0, 1)) be 

nontrivial, and define uR(z) = 1
Rnu1

(
z−zR
R

)
. Then uR ∈ C∞

0,(0,q)(B(zR, R)) ⊂ C∞
0,(0,q)(Ω). If (1.1) were to 

hold, then

‖u1‖L2(Ω) = ‖uR‖L2(Ω) ≤ C(‖∂̄uR‖L2(Ω) + ‖∂̄∗uR‖L2(Ω)) = R−1C(‖∂̄u1‖L2(Ω) + ‖∂̄∗u1‖L2(Ω)).

Since this inequality must hold for every R > 0, we have a contradiction. Thus, closed range estimates in 
L2 are impossible on many unbounded domains, so we must consider weighted L2 spaces. In [12], we do 
briefly touch upon the L2-theory for ∂̄ in unweighted L2 spaces for domains that satisfy weak Z(q). Gal-
lagher and McNeal establish sufficient conditions for the closed range of ∂̄ in L2 unbounded, pseudoconvex 
domains [13].

Even if we wanted to concentrate on domains for which we can establish the unweighted L2 theory for ∂̄, 
there is no hope for any usable result in Sobolev spaces. The reason is that the Sobolev space theory is effec-
tively useless on any interesting unbounded domain. For example, suppose that Ω contains infinitely many 
disjoint balls Bk of fixed radius r (as is the case in the model domain defined by ρ(z) =

∑n
j=1(Re zj)2 − 1

for which ∂̄ has closed range in unweighted L2 [12]). If we take any function f ∈ C∞
0 (B(0, r)) and define 

fk(z) = f(z− ck), where ck is the center of Bk, then we have a sequence {fk} that is uniformly bounded in 
L2 with no convergent subsequence. Hence, H1(Ω) is not compact in L2(Ω), and the Rellich Lemma fails, 
making any theory of Sobolev Spaces extremely problematic.

When working on weighted L2 spaces for unbounded domains, adjoints of differential operators can 
introduce low order terms with unbounded coefficients. For example, if D is a differential operator and e−ϕ

is our weight, we have

D∗
ϕ = eϕD∗e−ϕ = D∗ + (D̄ϕ).

Roughly speaking, our Sobolev spaces must be defined in such a way that multiplying by the unbounded 
function D̄ϕ is no worse that differentiating in D∗. This means that great care is required when defining 
Sobolev spaces. In [9], the authors developed the theory of weighted Sobolev spaces on unbounded domains 
building on ideas in [6] and [5]. Boundary smoothness also requires greater care, since derivatives of defining 
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