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We study the existence of prescribed L2-norm solutions for the coupled Schrödinger 
system with saturable nonlinearities, which appears in models for propagation of 
a beam with two mutually incoherent components in a bulk saturable medium. 
Moreover, the standing waves associated to the set of minimizers have the orbital 
stability.

© 2017 Elsevier Inc. All rights reserved.

1. Introduction and main results

Nonlinear optic provides good knowledge of the transmission of light. Moreover, spatial optical solitons 
have recently attracted much attention, since they can maintain their shape during the propagation. As we 
all know, the passage of a ray along different materials induces several nonlinear effects. The propagation 
of a beam with two mutually incoherent components in a bulk saturable medium in the isotropic approxi-
mation can be described by the time-dependent two-component coupled nonlinear Schrödinger system with 
saturable nonlinearities

⎧⎨⎩−i ∂
∂tΦ = ρ

(
|Φ|2+Ψ|2

)
1+(|Φ|2+Ψ|2)/I0 Φ for t > 0, x ∈ R

N ,

−i ∂
∂tΨ = ρ

(
|Φ|2+Ψ|2

)
1+(|Φ|2+Ψ|2)/I0 Ψ for t > 0, x ∈ R

N ,
(1.1)

where i is the imaginary unit. Physically, Φ and Ψ denote amplitudes of the components of the beam in 
photorefractive crystals, ρ is the strength of the nonlinearity, I0 is the saturation parameter and |Φ|2 + |Ψ|2
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is the total intensity created by all incoherent components of the light beam (see [7,14–17,19,20]). Obviously, 
finding solitary wave solutions of the form

Φ(x, t) = √
ρe−iλ1tu(x) and Ψ(x, t) = √

ρe−iλ2tv(x) (1.2)

is equivalent to solving the following coupled elliptic system⎧⎪⎪⎪⎨⎪⎪⎪⎩
−Δu + λ1u = u2+v2

1+s(u2+v2)u in R
N ,

−Δv + λ2v = u2+v2

1+s(u2+v2)v in R
N ,

u, v ∈ H1 (
R

N
)
,

(1.3)

where s = ρ/I0. Therefore many researchers [17,18] are interested in the following general system⎧⎨⎩−Δu + λ1u = Γ1
(
Γ1u

2+Γ2v
2)

1+s(Γ1u2+Γ2v2)u in R
N ,

−Δv + λ2v = Γ2
(
Γ1u

2+Γ2v
2)

1+s(Γ1u2+Γ2v2)v in R
N ,

(1.4)

where λ1, λ2, Γ1, Γ2 are positive constants and s is a positive parameter. It is easy to see that (1.3) is the 
special case of (1.4) with Γ1 = Γ2 = 1. A solution (u, v) is called nontrivial if u �≡ 0 and v �≡ 0, a solution 
(u, v) is semi-trivial if (u, v) is of type (u, 0) or (0, v). We call a nontrivial solution (u, v) positive if u > 0 and 
v > 0. In [17], the authors first considered the special case with Γ1 = Γ2 = 1 and λ1 = λ2 := λ, and proved 
that if s ≥ 1/λ then the system (1.4) has no nontrivial solution, and if s ∈ (0, 1/λ) then the system (1.4)
has a unique-up to rotations-solution, which can be given by the solution of the following scalar equation

−Δu + λu = u3

1 + su2 in R
N .

For the case with Γ1 > Γ2 and λ1 > λ2, they proved that if s > max{Γ1/λ1, Γ2/λ2}, the system (1.4) has 
no nontrivial solutions and if

s ∈ ((Γ1 − Γ2) / (λ1 − λ2) ,max{Γ1/λ1,Γ2/λ2}) ,

the system (1.4) has a semi-trivial ground state solution, i.e., the least energy solution of the system (1.4)
is either (0, u) or (v, 0). However, if s ∈ (0, (Γ1 − Γ2) / (λ1 − λ2)), they only conjectured that the system 
(1.4) should have semi-trivial ground state solutions. This conjecture was settled later by Mandel in [18]. 
Moreover, the author [18] also obtained some positive solutions and semi-nodal solutions for the system 
(1.4).

Recently, many authors pay attention to normalized solutions, which satisfy the constraint∫
RN

u2 dx = a

with a > 0 prescribed. The motivation to look for normalized solutions is that the masses are preserved 
along trajectories, which seems to be particularly interesting from physical point of view. This problem has 
first been studied for scalar equations [4,6,8,12,13,24,25], and then for the coupled Schrödinger systems with 
cubic nonlinearities [1–3,9]. Surprisingly little is known about the system (1.4) with the constraint∫

RN

u2 dx = a1 and
∫
RN

v2 dx = a2 (1.5)



Download English Version:

https://daneshyari.com/en/article/8900219

Download Persian Version:

https://daneshyari.com/article/8900219

Daneshyari.com

https://daneshyari.com/en/article/8900219
https://daneshyari.com/article/8900219
https://daneshyari.com

