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Let S be a pure bounded rationally multicyclic subnormal operator on a separable 
complex Hilbert space H and let Mz be the minimal normal extension on a separable 
complex Hilbert space K containing H. Let bpe(S) be the set of bounded point 
evaluations and let abpe(S) be the set of analytic bounded point evaluations. We 
show abpe(S) = bpe(S) ∩ Int(σ(S)). The result affirmatively answers a question 
asked by J. B. Conway concerning the equality of the interior of bpe(S) and abpe(S)
for a rationally multicyclic subnormal operator S. As a result, if λ0 ∈ Int(σ(S)) and 
dim(ker(S − λ0)∗) = N , where N is the minimal number of cyclic vectors for S, 
then the range of S − λ0 is closed, hence, λ0 ∈ σ(S) \ σe(S).

© 2017 Elsevier Inc. All rights reserved.

1. Introduction

Let H be a separable complex Hilbert space and let L(H) be the space of bounded linear operators on H. 
An operator S ∈ L(H) is subnormal if there exist a separable complex Hilbert space K containing H and 
a normal operator Mz ∈ L(K) such that MzH ⊂ H and S = Mz|H. By the spectral theorem of normal 
operators, we assume that

K = ⊕m
i=1L

2(μi) (1.1)

where μ1 >> μ2 >> ... >> μm (m may be ∞) are compactly supported finite positive measures on the 
complex plane C, and Mz is multiplication by z on K. For H = (h1, ..., hm) ∈ K and G = (g1, ..., gm) ∈ K, 
we define

〈H(z), G(z)〉 =
m∑
i=1

hi(z)gi(z)
dμi

dμ1
, |H(z)|2 = 〈H(z), H(z)〉 . (1.2)
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The inner product of H and G in K is defined by

(H,G) =
∫

〈H(z), G(z)〉 dμ1(z). (1.3)

Mz is the minimal normal extension if

K = clos
(
span(M∗k

z x : x ∈ H, k ≥ 0)
)
. (1.4)

We will always assume that Mz is the minimal normal extension of S and K satisfies (1.1) and (1.4). For 
details about the functional model above and basic knowledge of subnormal operators, the reader shall 
consult Chapter II of the book Conway [10].

For T ∈ L(H), we denote by σ(T ) the spectrum of T , σe(T ) the essential spectrum of T , T ∗ its adjoint, 
ker(T ) its kernel, and Ran(T ) its range. For a subset A ⊂ C, we set Int(A) for its interior, Ā or clos(A)
for its closure, Ac for its complement, and χA for its characteristic function. Let δij = 1 when i = j and 
δij = 0 when i 	= j. For λ ∈ C and δ > 0, we set B(λ, δ) = {z : |z − λ| < δ} and D = B(0, 1). Let P denote 
the set of polynomials in the complex variable z. For a compact subset K ⊂ C, let Rat(K) be the set of all 
rational functions with poles off K.

A subnormal operator S on H is pure if for every non-zero invariant subspace I of S (SI ⊂ I), the 
operator S|I is not normal. For F1, F2, ..., FN ∈ H, let

R2(S|F1, F2, ..., FN ) = clos{r1(S)F1 + r2(S)F2 + ... + rN (S)FN} (1.5)

in H, where r1, r2, ..., rN ∈ Rat(σ(S)) and let

P 2(S|F1, F2, ..., FN ) = clos{p1(S)F1 + p2(S)F2 + ... + pN (S)FN} (1.6)

in H, where p1, p2, ..., pN ∈ P. A subnormal operator S on H is rationally multicyclic (N -cyclic) if there are 
N vectors F1, F2, ..., FN ∈ H such that

H = R2(S|F1, F2, ..., FN )

and for any G1, ..., GN−1 ∈ H,

H 	= R2(S|G1, G2, ..., GN−1).

S is multicyclic (N -cyclic) if

H = P 2(S|F1, F2, ..., FN )

and for any G1, ..., GN−1 ∈ H,

H 	= P 2(S|G1, G2, ..., GN−1).

In this case, m ≤ N where m is as in (1.1).
Let μ be a compactly supported finite positive measure on the complex plane C and let spt(μ) denote 

the support of μ. For a compact subset K with spt(μ) ⊂ K, let R2(K, μ) be the closure of Rat(K) in L2(μ). 
Let P 2(μ) denote the closure of P in L2(μ).

If S is rationally cyclic, then S is unitarily equivalent to multiplication by z on R2(σ(S), μ1), where 
m = 1 and F1 = 1. We may write R2(S|F1) = R2(σ(S), μ1). If S is cyclic, then S is unitarily equivalent to 
multiplication by z on P 2(μ1). We may write P 2(S|F1) = P 2(μ1).
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