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Abstract

The aim of this paper is to establish some new weighted Hardy-type inequalities involving convex and monotone convex
functions using Hilfer fractional derivative and fractional integral operator with generalized Mittag-Leffler function in its kernel.
We also discuss one dimensional cases of our related results. As a special case of our general results we obtain the results of Iqbal
et al. (2017). Moreover, the refinement of Hardy-type inequalities for Hilfer fractional derivative is also included.
c⃝ 2018 Published by Elsevier B.V. on behalf of Ivane Javakhishvili Tbilisi State University. This is an open access article under

the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction

Fractional calculus deals with the study of fractional order integral and derivative operators calculus and have been
of great importance during the last few decades. Oldham and Spanier [1] published their fundamental work in their
book in 1974 and Podlubny [2] publication from 1999, which deals principally with fractional differential equations.
For further details and literature about the fractional calculus we refer to [3–5] and the references cited therein.
Numerous mathematicians obtained new Hardy-type inequalities for different fractional integrals and fractional
derivatives. For details we refer to [6–12].

The general theory for the Hardy-type inequalities has attracted a lot of attention during a long time, see e.g. the
books [13–15] and the reference therein. One reason is that such results are of special interest for technical sciences.
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Especially actions of kernels operators of type (1.2) and (1.3) are important since the kernel k(x, y) represent unit
impulse answers in systems which need not to be time invariant ( f (y) and g(x) represent the “insignals” and
“outsignals” respectively). Some current knowledge can be found in Section 7.5 of the new 2017 book [15] by
Kufner, Persson and Samko, see also the related review article [16]. But still there are many open questions in this
area, see e.g. those pointed out in [15, Section 7.5]. In this paper we present some new results concerning Hardy-type
inequalities not covered by the literature mentioned above.

The following definitions are presented in [17].

Definition 1.1. Let I be an interval in R. A function Φ : I → R is called convex if

Φ(λx + (1 − λ)y) ≤ λΦ(x) + (1 − λ)Φ(y), (1.1)

for all points x, y ∈ I and all λ ∈ [0, 1]. The function Φ is strictly convex if inequality (1.1) holds strictly for all
distinct points in I and λ ∈ (0, 1).

Definition 1.2. Let Φ : I −→ R be a convex function, then the sub-differential of Φ at x , denoted by ∂Φ(x), is
defined as

∂Φ(x) = {α ∈ R : Φ(y) − Φ(x) − α(y − x) ≥ 0, y ∈ I }.

Let (Σ1,Ω1, µ1) and (Σ2,Ω2, µ2) be measure spaces with positive σ -finite measures. Let U ( f ) denote the class of
functions g : Ω1 → R with the representation

g(x) =

∫
Ω2

k(x, y) f (y)dµ2(y), (1.2)

and Ak be an integral operator defined by

(Ak f )(x) :=
g(x)
K (x)

=
1

K (x)

∫
Ω2

k(x, y) f (y)dµ2(y), (1.3)

where k : Ω1 × Ω2 → R is measurable and non-negative kernel, f : Ω2 → R is measurable function and

0 < K (x) :=

∫
Ω2

k(x, y)dµ2(y), x ∈ Ω1. (1.4)

The following theorem was given in [18] and [19] (see also [20]).

Theorem 1.3. Let 0 < p ≤ q < ∞, or −∞ < q ≤ p < 0, (Ω1,Σ1, µ1) and (Ω2,Σ2, µ2) be measure spaces with
σ -finite measures, u be a weight function on Ω1, k be a non-negative measurable function on Ω1 × Ω2, K be defined

on Ω1 by (1.4) and that the function x ↦→ u(x)
(

k(x,y)
K (x)

) q
p

is integrable on Ω1 for each y ∈ Ω2, and that v is defined on
Ω2 by

v(y) :=

( ∫
Ω1

u(x)
(

k(x, y)
K (x)

) q
p

dµ1(x)

) p
q

< ∞.

If Φ is a non-negative convex function on the interval I ⊆ R and ϕ : I → R is any function, such that ϕ(x) ∈ ∂Φ(x)
for all x ∈ I nt I, then the inequality( ∫

Ω2

v(y)Φ ( f (y)) dµ2(y)
) q

p

−

∫
Ω1

u(x)[Φ ((Ak f )(x))]
q
p dµ1(x)

≥
q
p

∫
Ω1

u(x)
K (x)

Φ
q
p −1((Ak f )(x))

∫
Ω2

k(x, y)r (x, y)dµ2(y)dµ1(x) (1.5)

holds for all measurable functions f : Ω2 → I, where Ak is defined by (1.3) and r : Ω1 ×Ω2 → R is a non-negative
function defined by

r (x, y) = | |Φ( f (y)) − Φ((Ak f )(x))|−|ϕ((Ak f )(x))| | f (y) − (Ak f )(x)| |. (1.6)
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