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Abstract

In this paper, the notions of distributive, standard and neutral elements in residuated lattices were introduced and relationships
between them were investigated. Also we study the sets of distributive, standard and neutral elements in residuated lattices.
Then we show that under some conditions, the sets of distributive, standard and neutral elements in residuated lattices become a
MT L-algebra. Finally, special elements of type 2 in residuated lattices were introduced.
c⃝ 2018 Ivane Javakhishvili Tbilisi State University. Published by Elsevier B.V. This is an open access article under the CC

BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction and preliminaries

The concept of residuated lattices was introduced by M. Ward and R. P. Dilworth [1] as a generalization of the
structure of t he set of ideals of a ring. These algebras are a common structure among algebras associated with
logical systems. The residuated lattices have interesting algebraic and logical properties [2–5]. The main example of
residuated lattices related to logic is BL-algebras. A basic logic algebra (BL-algebra for short) is an important class
of logical algebras introduced by H’ajek [6] in order to provide an algebraic proof of the completeness of “Basic
Logic” (BL for short). MV-algebras introduced by Chang [7] in 1958 are the most known classes of BL-algebras.

The concepts of distributive, standard and neutral elements introduced in lattices by O. Ore [8], G. Gratzer [9] and
G. Birkhoff [10], respectively and have been extended to trellises by S. B. Rai in [11].

We decide to generalize this concepts to residuated lattices. In this paper, we introduce the notions of distributive,
standard and neutral elements in residuated lattices and verify relationships between them. Also we study the sets of
Dis(L), St(L) and Neu(L). Then, we study relationships between distributive, standard and neutral elements with
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some other special elements, likeness dense, boolean, node and regular elements in residuated lattices. Finally, we
study image of distributive, standard and neutral elements under a homomorphism.

In this section, we recall some definitions and results about residuated lattices which are used in the sequel.

Definition 1.1 ([6]). A residuated lattice is an algebra (L , ∨, ∧, ⊙, −→, 0, 1) of type (2, 2, 2, 2, 0, 0) such that:
(RL1) (L , ∨, ∧, 0, 1) is a bounded lattice,
(RL2) (L , ⊙, 1) is an abelian monoid,
(RL3) x ⊙ z ≤ y if and only if z ≤ x → y, for all x, y, z ∈ L .

Definition 1.2 ([6,12,13]). Let L be a residuated lattice and a ∈ L ,

(a) a is called idempotent iff a2
= a,

(b) a is called nilpotent iff there exists a natural number n, such that an
= 0,

(c) a is called dense iff a∗
= 0, where x∗

= x → 0,
(d) a is called regular iff a∗∗

= a and x∗
⊙ (x∗

→ x) = 0,
(e) a is called boolean iff there exists b ∈ L such that a ∨ b = 1 and a ∧ b = 0,
( f ) a is called node iff for every filter F of L , [a) ⊆ F or F ⊆ [a).

Theorem 1.3 ([6]). In any residuated lattice (L , ∨, ∧, ⊙, →, 0, 1) the following properties are valid:
(1) 1 → x = x,

(2) x → x = 1,

(3) x ⊙ y ≤ x, y, so x ⊙ y ≤ x ∧ y,

(4) y ≤ x → y,
(5) x ≤ y ⇔ x → y = 1,
(6) if x → y = y → x = 1, then x = y,

(7) x → 1 = 1,
(8) 0 → x = 1,
(9) x ⊙ (y ∨ z) = (x ⊙ y) ∨ (x ⊙ z),
for all x, y, z, ∈ L .

Definition 1.4 ([6]). A residuated lattice L is called MT L-algebra if the following property is valid:
(BL5) (x → y) ∨ (y → x) = 1, for all x, y ∈ L .

Definition 1.5 ([6]). A MT L-algebra L is called BL-algebra if the following property is valid:
(BL4) x ⊙ (x → y) = x ∧ y, for all x, y ∈ L .

Definition 1.6 ([6]). A nonempty subset F of residuated lattice L is called a filter of L if F satisfies the following
conditions:

(F1) if x ∈ F , x ≤ y and y ∈ L , then y ∈ F,

(F2) x ⊙ y ∈ F for every x, y ∈ F that is, F is a subsemigroup of L .

Definition 1.7 ([14]). An element a of a lattice L is called
(1) distributive, if a ∨ (x ∧ y) = (a ∨ x) ∧ (a ∨ y),
(2) standard, if x ∧ (a ∨ y) = (x ∧ a) ∨ (x ∧ y),
(3) neutral, if (a ∧ x) ∨ (a ∧ y) ∨ (x ∧ y) = (a ∨ x) ∧ (a ∨ y) ∧ (x ∨ y),
for all x, y ∈ L .
The concepts of dually distributive and dually standard elements are obtained by dualizing (1) and (2) respectively.

The notion of a neutral element is self-dual.

2. On distributive elements in residuated lattices

From now on L = (L , ∨, ∧, ⊙, →, 0, 1) is a residuated lattice unless otherwise specified.
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