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Abstract

In this paper we study the potential operator Iα
Γ , 0 < 1 in the modified Morrey space L̃ p,λ(Γ ) and the spaces B M O(Γ ) defined

on Carleson curves Γ . We prove that for 1 < p < (1 − λ)/α the potential operator Iα
Γ is bounded from the modified Morrey space

L̃ p,λ(Γ ) to L̃q,λ(Γ ) if and in the case of infinite curve only if α ≤ 1/p − 1/q ≤ α/(1 − λ), and from the spaces L̃1,λ(Γ ) to
W L̃q,λ(Γ ) if and in the case of infinite curve only if α ≤ 1 −

1
q ≤

α
1−λ

. Furthermore, for the limiting case (1 − λ)/α ≤ p ≤ 1/α

we show that if Γ is an infinite Carleson curve, then the modified potential operator Ĩα
Γ is bounded from L̃ p,λ(Γ ) to B M O(Γ ),

and if Γ is a finite Carleson curve, then the operator Iα
Γ is bounded from L̃ p,λ(Γ ) to B M O(Γ ).
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1. Introduction

Morrey spaces were introduced by C.B. Morrey [1] in 1938 in connection with certain problems in elliptic partial
differential equations and calculus of variations (see [2,3]). Later, Morrey spaces found important applications to
Navier–Stokes and Schrödinger equations, elliptic problems with discontinuous coefficients and potential theory
(see [4–8]).

Let Γ = {t ∈ C : t = t(s), 0 ≤ s ≤ l ≤ ∞} be a rectifiable Jordan curve in the complex plane with arc-length
measure ν(t) = s, here l = νΓ = lengths of Γ .
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We denote

Γ (t, r ) = Γ ∩ B(t, r ), t ∈ Γ , r > 0,

where B(t, r ) = {z ∈ C : |z − t | < r}.
A rectifiable Jordan curve Γ is called a Carleson curve (regular curve) if the condition

νΓ (t, r ) ≤ c0r

holds for all t ∈ Γ and r > 0, where the constant c0 > 0 does not depend on t and r .

Definition 1. Let 1 ≤ p < ∞, 0 ≤ λ ≤ 1, [r ]1 = min{1, r}. We denote by L p,λ(Γ ) the Morrey space, and by L̃ p,λ(Γ )
the modified Morrey space, the set of locally integrable functions f on Γ with the finite norms

∥ f ∥L p,λ(Γ ) = sup
t∈Γ

sup
r>0

r−
λ
p ∥ f ∥L p(Γ (t,r )),

∥ f ∥L̃ p,λ(Γ ) = sup
t∈Γ

sup
r>0

[r ]
−

λ
p

1 ∥ f ∥L p(Γ (t,r ))

respectively.

Note that

L p,0(Γ ) = L̃ p,0(Γ ) = L p(Γ ),

L̃ p,λ(Γ )⊂≻L p,λ(Γ ) ∩ L p(Γ ) and max{∥ f ∥L p,λ(Γ ), ∥ f ∥L p(Γ )} ≤ ∥ f ∥L̃ p,λ(Γ ) (1)

and if λ < 0 or λ > 1, then L p,λ(Γ ) = L̃ p,λ(Γ ) = Θ, where Θ is the set of all functions equivalent to 0 on Γ .
We denote by W L p,λ(Γ ) the weak Morrey space, and by W L̃ p,λ(Γ ) the modified Morrey space, as the set of locally

integrable functions f on Γ with finite norms

∥ f ∥W L p,λ(Γ ) = sup
β>0

β sup
r>0, t∈Γ

(
r−λ

∫
{τ∈Γ (t,r ): | f (τ )|>β}

dν(τ )
)1/p

,

∥ f ∥W L̃ p,λ(Γ ) = sup
β>0

β sup
r>0, t∈Γ

(
[r ]−λ

1

∫
{τ∈Γ (t,r ): | f (τ )|>β}

dν(τ )
)1/p

.

Note that

W L p(Γ ) = W L p,0(Γ ), L p,λ(Γ ) ⊂ W L p,λ(Γ ) and ∥ f ∥W L p,λ(Γ ) ≤ ∥ f ∥L p,λ(Γ ) .

Definition 2. The space of functions with bounded mean oscillation B M O(Γ ) is defined as the set of locally
integrable functions f with finite norm

∥ f ∥B M O(Γ ) = sup
r>0, t∈Γ

(νΓ (t, r ))−1
∫
Γ (t,r )

| f (τ ) − fΓ (t,r )|dν(τ ) < ∞,

where

fΓ (t,r ) = (νΓ (t, r ))−1
∫
Γ (t,r )

f (τ )dν(τ ).

Maximal operators and potential operators in various spaces defined on Carleson curves have been widely studied
by many authors (see, for example [9–16]). In Morrey spaces defined on quasimetric measure spaces, in particular
Morrey spaces L p,λ(Γ ) defined on Carleson curves N. Samko [16] studied the boundedness of the maximal operator
MΓ defined by

MΓ f (t) = sup
t>0

(νΓ (t, r ))−1
∫
Γ (t,r )

| f (τ )|dν(τ )

and proved the following:
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