
Available online at www.sciencedirect.com

ScienceDirect

Transactions of A. Razmadze Mathematical Institute ( ) –
www.elsevier.com/locate/trmi

Original article

Harmonic analysis and integral transforms associated with a class of
a system of partial differential operators

Nawel Alayaa, Moncef Dzirib,∗

a Faculty of Sciences of Bizerte, Carthage University, Tunisia
b Faculty of Sciences of Tunis, Elmanar University, Tunisia

Received 28 June 2016; received in revised form 30 December 2016; accepted 7 January 2017

Available online xxxx

Abstract

In this work, we consider a generalized system of partial differential operators, we define the related Fourier transform and
establish some harmonic analysis results. We also investigate a wide class of integral transforms of Riemann–Liouville type. In
particular we give a good estimate of these integrals kernels, inversion formula and a Plancherel theorem for the dual.
c⃝ 2017 Ivane Javakhishvili Tbilisi State University. Published by Elsevier B.V. This is an open access article under the CC BY-

NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction

The operator Rα defined by

Rα( f )(r, x) =


2α
Π

 1

0

 Π /2

−Π /2
f (r cos θ, x + r sin θ) cos2α θ(1 − s2)α−1dθ ds for α > 0

1
Π

 Π /2

−Π /2
f (r cos θ, x + r sin θ)dθ for α = 0,

and its dual t Rα are of interest in several applications for example in image processing of the so-called aperture
radar (SAR), data. . . [1], or in the linearized inverse scattering problems in acoustics [2,3]. These operators have been
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extensively studied in [4–14]. They arise in connection with the system
∆1 =

∂

∂x
,

∆2 =
∂2

∂r2 +
2α + 1

r

∂

∂r
−
∂2

∂x2 ,

(1.1)

of partial differential operators [15,6,16–19].
The main aim of this article is to define and study a wide class of integral transforms which generalize the operators

Rα and t Rα;α ≥ 0.
More precisely, we consider the singular partial differential operators ∆1 and ∆2,A such that

∆1 =
∂

∂x
,

∆2,A =
∂2

∂r2 +
A′(r)

A(r)

∂

∂r
+ ρ2

−
∂2

∂x2 ,

(1.2)

where ρ is non negative real number and A is a non negative function satisfying some properties.

First, we define a generalized Fourier transform F A and generalized shift operator T(r,x);

(r, x) ∈ [0,∞[×R


related with ∆2,A. We give some harmonic analysis results associated with F A and T(r,x). Second we establish
an integral representation of the eigenfunction of the operator ∆2,A. This result and by using the same techniques
as Fitouhi [20,21], we define and study a wide class of integral transforms RA and t RA related with ∆2,A. More
precisely we establish for these operators the same results given by Helgason [9], Ludwig [12] and Solmon [14] for
the classical Radon transform on R2. Also, we define and characterize some spaces of functions on which RA and
t RA are isomorphism.

The paper is arranged as follows. In Section 2, we recall some basic properties and results about the singular
second order differential operator £A =

∂2

∂r2 +
A′(r)
A(r)

∂
∂r +ρ2. In Section 3, we define a generalized Fourier transform F A

associated with the system (1.2) and we establish some harmonic analyses (inversion Formula, Paley–Wiener theorem
and Plancherel theorem for F A). Also, we define and study a generalized shift operator T(r,x); (r, x) ∈ [0,∞[×R
and a generalized convolution product associated with T(r,x). Section 4 deals with the integral representation of the
eigenfunction related with ∆2,A and the operator RA and its dual t RA. In Section 5 we give an inversion formula for
RA, t RA and Plancherel theorem for t RA.

2. Preliminaries of Chébli–Trimèche hypergroups

In this section we briefly recall some results of harmonic analysis related with the following second order singular
differential operator on the half line:

£ = £A =
∂2

∂r2 +
A′(r)

A(r)

∂

∂r
+ ρ2, (2.3)

where A is continuous on [0,∞[, twice continuously differentiable on ]0,∞[ and satisfies the conditions:

(1) A(0) = 0 and A(x) > 0 for x > 0.
(2) A is increasing and unbounded.
(3) A′(x)

A(x) =
2α+1

x + B(x) on a neighborhood of 0, where α > −1
2 and B is an odd C∞-function on R.

(4) A′(x)
A(x) is a decreasing C∞-function on ]0,∞[ and lim+∞

A′(x)
A(x) = 2ρ ≥ 0.

(5) There exists a constant δ > 0, satisfying
A′(r)

A(r)
= 2ρ + F(r) exp(−δr), for ρ > 0.

A′(r)

A(r)
=

2α + 1
r

+ F(r) exp(−δr), for ρ = 0,
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