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Given an edge-weighted tree T with n leaves, sample the
leaves uniformly at random without replacement and let W,
2 < k < n, be the length of the subtree spanned by the first
k leaves. We consider the question, “Can T be identified (up
to isomorphism) by the joint probability distribution of the
random vector (Wa,...,Wy,)?” We show that if T is known
a priori to belong to one of various families of edge-weighted
trees, then the answer is, “Yes.” These families include the
edge-weighted trees with edge-weights in general position,
the ultrametric edge-weighted trees, and certain families with
equal weights on all edges such as (k + 1)-valent and rooted
k-ary trees for k > 2 and caterpillars.
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1. Introduction
1.1. Background and motivation

What features of an edge-weighted tree identify it uniquely up to isomorphism, per-
haps within some class of such trees? Here an edge-weighted tree is a connected, acyclic
finite graph T with vertex set V(T) and edge set E(T) which is equipped with a function
Wt : E(T) - Ryy := (0,00). The value of W (e) for an edge e € E(T) is called the
weight or the length of e. Two such trees T’ and T” are isomorphic if there is a bijection
o : V(T') = V(T”) such that:

o {u,v} € E(T) if and only if {o(u),c(v)} € E(T"),
e W ({u,v}) = Wrn({o(u),o(v)}) for all {u,v} € E(T).

The question above is, more formally, one of asking for a given class of edge-weighted
trees T about the possible sets U and functions ® : T — U such that for all T/, T” € T
we have ®(T') = ®(T”) if and only if T/ and T” are isomorphic. If the class T consists
of edge-weighted trees for which all edges have length 1 (we will call such objects com-
binatorial trees for the sake of emphasis), then determining whether two trees in T are
isomorphic is just a particular case of the standard graph isomorphism problem. The
general graph isomorphism problem has been the subject of a large amount of work in
combinatorics and computer science — [33] already speaks of the “graph isomorphism
disease” — and, in particular, there are many results on reconstructing the isomorphism
type of a graph from the isomorphism types of subgraphs of various sorts (see, for ex-
ample, the review [6]). There is also a substantial volume of somewhat parallel research
on graph isomorphism in computational chemistry (see, for example, [10] for a review).
There seems to be considerably less work on determining isomorphism (in the obvious
sense) of edge-weighted graphs; of course, in order for two edge-weighted graphs to be
isomorphic the underlying combinatorial graphs must be isomorphic, but this does not
imply that the best way for checking that two edge-weighted graphs are isomorphic pro-
ceeds by first determining whether the underlying combinatorial graphs are isomorphic
and then somehow testing whether some isomorphism of the combinatorial graphs is still
an isomorphism when the edge-weights are considered.

We begin with a discussion of previous results that address various aspects of the
problem of determining when two edge-weighted or combinatorial trees are isomorphic.

A result in [3] gives the following criterion for a bijection o : V(T') — V(T"), where
T’ and T” are combinatorial trees, to be an isomorphism: if vy, v1, ..., v,, is any sequence
from V(T') U V(T”) (here U denotes a disjoint union) such that vy = v,, and

{vi,v;} e E(T)UE(T") U {{u,0(u)} :ue V(T')} <= i—j==£1 mod m,

then m = 4.
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