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By considering Tutte polynomials of Hopf algebras, we show 
how a Tutte polynomial can be canonically associated with 
combinatorial objects that have some notions of deletion and 
contraction. We show that several graph polynomials from 
the literature arise from this framework. These polynomials 
include the classical Tutte polynomial of graphs and matroids, 
Las Vergnas’ Tutte polynomial of the morphism of matroids 
and his Tutte polynomial for embedded graphs, Bollobás and 
Riordan’s ribbon graph polynomial, the Krushkal polynomial, 
and the Penrose polynomial.
We show that our Tutte polynomials of Hopf algebras share 
common properties with the classical Tutte polynomial, in-
cluding deletion-contraction definitions, universality proper-
ties, convolution formulas, and duality relations. New results 
for graph polynomials from the literature are then obtained 
as examples of the general results.
Our results offer a framework for the study of the Tutte poly-
nomial and its analogues in other settings, offering the means 
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to determine the properties and connections between a wide 
class of polynomial invariants.

© 2017 Elsevier Inc. All rights reserved.

1. Introduction and overview

The Tutte polynomial is arguably the most important graph polynomial, and un-
questionably the most studied. It encodes a substantial amount of the combinatorial 
information of a graph, specialises to a myriad of other polynomials (including the chro-
matic and flow polynomials). It appears in knot theory as the Jones and homfly-pt 
polynomials, and in statistical mechanics as the Ising and Potts model partition func-
tions.

Given the pervasiveness of the Tutte polynomial, it is unsurprising that attention 
has been given to finding analogues or extensions of the Tutte polynomial from graphs 
to other types of combinatorial object. These analogues can mostly be fit in to three 
broad types. Some analogues, such as W.T. Tutte and H. Crapo’s extension to matroids 
[15,45], uncontroversially should be called a Tutte polynomial. Some analogues, such 
as M. Las Vergnas’ Tutte polynomial for morphisms of matroids [36,37], offer entirely 
satisfactory candidates for a Tutte polynomial, but without an explanation of why we 
should use that particular polynomial and no other. Finally, some polynomials, such as 
the Bollobás–Riordan polynomial [13] or G. Farr’s polynomials of alternating dimaps 
[26], offer polynomials that have some of the properties we would expect of a Tutte 
polynomial, but do not have some of the other properties we would expect (for example, 
a “full” deletion-contraction definition in the case of the Bollobás–Riordan polynomial).

Thus we arrive at the fundamental problem of what we mean when we say that a 
polynomial invariant is a “Tutte polynomial” of some class of objects? It is exactly this 
problem that we are interested in here.

As an answer to this problem, we propose a Hopf algebraic framework for Tutte-like 
graph polynomials. This framework offers a canonical construction of a “Tutte polyno-
mial” of a (suitable) set of combinatorial objects that is equipped with some notions of 
“deletion” and “contraction”. (We emphasise that these need not be the usual notions 
of deletion and contraction for the given objects. In fact, different “Tutte polynomials” 
arise when using different notions of deletion and contraction for the same type of ob-
ject.) The resulting polynomials satisfy what we can reasonably expect an analogue of 
the Tutte polynomial to:

• Have a natural, canonical definition that arises from the class.
• Have a “full” recursive deletion-contraction-type definition terminating in trivial ob-

jects.
• Have a state-sum (rank-nullity-type) formulation.
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