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a b s t r a c t 

In this paper, Investigation of global approximation of the generalized Szàsz–Mirakjan type 

operators in exponential weight spaces is discussed. The paper focuses on calculation of 

moments, direct results and inverse results for the saturated as well as non-saturated 

cases. 
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1. Introduction 

Berens and Lorentz [3] in 1972 investigated the inverse results for the Bernstein polynomials and proved them for the 

nonsaturated cases 0 < α < 2. Finta [6] derived direct and inverse result for Stancu operators. Subsequently, Becker et al. 

[2] investigated the global approximation by Szàsz–Mirakjan operators defined as 

M n ( f ; x ) = 

∞ ∑ 

k =0 

s n,k (x ) f 

(
k 

n 

)
, (1) 

where 

s n,k (x ) = e −nx (nx ) k 

k ! 
, k = 0 , 1 , 2 , . . . , n ∈ N . (2) 

in exponential weight spaces. They proved the global approximation results for the operators (1) in exponential weight 

spaces. Moreover, there are some interesting research done in polynomial weighted and exponential weighted spaces, in 
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q -calculus [7,9–16] . Recently, Gandhi et al. [1] studied the generalized Szàsz–Mirakjan operators in polynomial weight space 

defined as 

S n ( f ; x ) = 

∞ ∑ 

k =0 

s b n,k (x ) f 

(
k 

b n 

)
, (3) 

where, 

s b n ,k (x ) = e −b n x 
(b n x ) 

k 

k ! 
, k = 0 , 1 , 2 , . . . , n ∈ N , (4) 

(b n ) ∞ 

1 
is an increasing sequence of positive real numbers, b n → ∞ as n → ∞ , b 1 ≥ 1. They derived the local results for the 

operators (3) and discussed the global properties of the operators (3) in polynomial weight space. In this paper, there is 

discussed the approximation by the operators (3) with respect to spaces ( θ > 0) 

C θ = { f ∈ C[0 , ∞ ) ; w θ uniformly continuous and bounded on [0, ∞ )}, 

where 

w θ (x ) = e −θx , (5) 

and the norm considered on the space C θ is defined as 

‖ f ‖ θ = sup 

x ≥0 

w θ (x ) | f (x ) | . (6) 

Here C [0, ∞ ) is the space of all continuous functions on [0, ∞ ). The operators S n given by (3) are well-defined on C θ , but 

they do not map C θ into C θ . They map C θ into C γ , for γ > θ , for n large enough. 

Now, we mention some definitions: 

N is set of natural numbers and it is considered that h > 0, δ > 0, 0 < α ≤ 2 

The second order forward difference operator is defined as; 

�2 
h f (x ) = f (x + 2 h ) − 2 f (x + h ) + f (x ) , (7) 

and the second order modulus of continuity is defined as; 

ω 2 (C θ , f, δ) = sup 

0 <h ≤δ

‖ �2 
h f‖ θ . (8) 

Finally, we define Lipschitz class of functions on C θ as; 

Lip 2 (C θ , α) = { f ∈ C θ ; ω 2 (C θ , f, δ) = O (δα) , δ → 0 

+ } , (9) 

2. Preliminary results 

From [2] , we have for h > 0, θ > 0 

‖ e −θx f (x + h ) ‖ C = sup 

x ≥0 

| e −θx f (x + h ) | ≤ e θh ‖ f‖ θ (10) 

hence, translation by h maps C θ into C θ . Also, for f ∈ C θ we have 

lim 

δ→ 0 + 
ω 2 (C θ , f, δ) = 0 , (11) 

because e −θx f (x ) is uniformly continuous on [0, ∞ ). 

Now, we recall some properties of the generalized Szàsz–Mirakjan operators (3) (see [1] ); 

S n (t i ; x ) = x i (i = 0 , 1) , S n ((t − x ) 2 ; x ) = x/b n . (12) 

Also, we define for any θ > 0 , n ∈ N , 

θn = b n (e θ/b n − 1) , (13) 

It is obvious that 

θ < θn ≤ θe θ/b n ≤ θe θ . (14) 

Lemma 2.1. For θn = b n (e θ/b n − 1) , we have 

(a) S n (e θt ; x ) = exp { θn x } , 
(b) S n (te θt ; x ) = xe θ/b n exp { θn x } , 
(c) S n (t 2 e θt ; x ) = [ x 2 e θ/b n + (x/b n )] e θ/b n exp { θn x } 
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