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KeyWOTdS-‘_ ] ) The purpose of this paper is to establish some new non-linear retarded integral inequalities

getarge;l integral inequality in two independent variables which can be used as handy tools to study the boundedness
oundedness

of solutions of differential-integral equations with the initial conditions. An application is

Properties of solutions given to illustrate the usefulness of our results.
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1. Introduction

Integral inequalities which were introduced by Gronwall-Bellman [1,2] and their various generalizations [3,4] play a
fundamental role in the study of qualitative properties of solutions of differential equations, integral equations and integral
differential equations. Recently, many retarded versions of Gronwall-Bellman-Pachpatte type nonlinear inequalities can be
found in [6-8,11-13].

Pachpatte in [5] has established the following useful linear integral inequality:

Theorem 1.1. Let u, f, g, h and p be nonnegative continuous functions defined on I = [0, c0), and ugy be a nonnegative constant.
If the inequality

u(t) <o+ / LF(s)u(s) + p(s)lds + / f(s) ( f Sg(o)u(a))do)ds, (11)
0 0 0
holds for any tel, then

u(t) < uo+f0 [p(5)+f(5){quX13 <fos [f(cr)+g(0)]d0>
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+/O$p<a>exp (/0 [f(f)+g(r)]dr>da”ds,

Abdedaim and El-Deeb [9] have proved the inequality

fortel

Theorem 1.2. Let u(t), f(t), g(t), q(t)eC({, I), be nonnegative functions. o e C'(I, I) be nondecreasing with a(t)<t on I with
o (0) = 0 and ug be a nonnegative constants. If the inequality

o

() a(t) s
u(t)§u0+/0 [f(s)u(s) +q(s)]ds + A f(s)(/0 g(o)u(o)da)ds, (1.2)

for all tel, then

u(t) < uO+/O (a’(S)q(a(S)) + o' (s) f(a(s)) exp (/0
ao(s) o
x[uw/o 9(c) exp (fo [f(r)+g(r>1dr>da]),

Motivated by the results above and the inequalities obtained in [8,10,14,15] we give a generalisation of nonlinear retarded
integral inequalities in two independent variables which can be used as a tool to study the boundedness of solutions of
differential-integral equations with initial conditions.

als

)
[f() +g(r)]df>

forall tel

2. Main results
In what follows, R denotes the set of real numbers, R = [0, +00),[; = [0, M], I, = [0, N] are the given subsets of R,

and A =1 xI,. C(A,R;) denotes the set of all continuous functions from A into R, and C!(I;, I;) denotes the set of all
continuously differentiable functions from I; into I;,i =1, 2.

Theorem 2.1. Let u, f,g, pe C(A,Ry) and a € C(A, R, ) be nondecreasing with respect to (x, y)e A, let a« e C1(I, I;), B eCl(I,,
I,) be nondecreasing functions with «(x) <x on I, B(y) <y on I,. Further iy, ¢ € C(R, R.) be nondecreasing functions with {i,
o}u)>0 for u>0, and ulil}rl ¥ (u) = +oo. If u(x, y) satisfies

—+00

ax) rBY)
YR.y)) < ax.y) + /0 /0 [f(s. D@, ) + p(s. £)|dtds

ax) rBY) s
+/O /0 f(s,t)(/o g(t,t)(p(u(t,t))dr)dtds 1)

for (x, y)e A, then
ax) W) s
uxy) <! {61 [G(q(x,y)) o A Y (1 + [ t)dt)dtds]} 22)
for 0<x<x;, 0<y<y;, where

aX) rBWY)
q(x,y)=a(x,y)+f0 fo p(s. t)dtds (2.3)

r ds +eo ds
G(r):/rn m,r2r0>0, G(+oo)=/r0 m:

and (x1, y1)€ A is chosen so that (G(q(x, y))+ Ja® foﬁ(y) .01+ fpe(r, t)dr)dtds) € Dom(G1).

+00 (2.4)

Proof. First we assume that a(x, y)> 0. Since g be nonnegative and nondecreasing, fixing an arbitrary (X, Y)e A and define
a positive and nondecreasing function z(x, y) by

ax) rBW)
z(x,y) = qX,Y) +/O /0 f(s, ) (u(s, t))dtds

ax) W) s
+/0 fo f, t)(/o g(t,t)(p(u(t,t))dr)dtds

for 0<x<X<xy, 0<y<Y<yy, then z(0,y) = z(x,0) = q(X,Y) and
ux,y) < 'z ). (2.5)
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