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ARTICLE INFO ABSTRACT

keyWQde-' ) ) Indubitably, the notion of covering dimension of frames was, extensively, studied. Many
Covering dimension searches such as Charalambous, Banashewski and Gilmour (see, for example (Charalam-
Finite lattice bous, 1974; Charalambous, 1974 [11]; Banaschewski and Gilmour, 1989 [12]) studied this

Minimal cover

- dimension. Also, in the study [5], the covering dimension of finite lattices has been char-
Matrix theory

acterized by using the so called minimal covers. This approach gave the motive to other
searches such as Zhang et al., to study properties of this dimension (see Zhang et al. (2017)
[9]). In this paper, we study the covering dimension of finite lattices in combination with
matrix theory. Essentially, we characterize the minimal covers of finite lattices and the
order of those covers using matrices and we compute the covering dimension of the cor-
responding finite lattices.

© 2018 Elsevier Inc. All rights reserved.

1. Introduction

In the study [5], adapting the usual definition of the topological covering dimension (see, for example [4]), the meaning
of the covering dimension, dim(X), of a bounded lattice X and the meaning of the order, ord(C), of a subset C of X were
studied in the class of finite lattices based on the study [10], where the covering dimension in the class of frames was
studied. Many properties of this dimension were studied, mentioning the characterization of the covering dimension of
finite lattices by their minimal covers:

Theorem 1.1. Let X be a finite lattice and k € {0, 1,2, ...}. Then dim(X) <; k if and only if every minimal cover C of X satisfies
ord(C) < k.

Corollary 1.2. Let X be a finite bounded lattice and
k = max{ord(C) : C is a minimal cover of X}.
Then dim(X) = k.

Also, in the study [5], it was observed and proved that each minimal cover of a finite lattice is an antichain and open
problems were posted, some of which were answered in the study [9].
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In studies [6,7], the classical topological covering dimension was characterized through the matrix theory, and in study
[8], the order dimension of a finite poset was studied by using matrices and the notion of the order-matrix. In this study
we are going to characterize the covering dimension of an arbitrary finite lattice with matrices.

In particular, the rest of the paper is organized as follows: In Section 2, we give basic definitions and notations which will
be used in this study. In Section 3, we characterize the minimal covers of finite lattices using order-matrices. In Section 4,
we characterize the meaning of the order of those covers and, consequently, the covering dimension of finite lattices through
the matrix theory. Finally, in Sections 5 and 6, we present algorithms for computing the covering dimension of an arbitrary
finite lattice.

2. Preliminaries

Our references are [1-3,5]. In what follows, we use the notation of a finite lattice (X, <) writing X = {x1,X3,...,Xn},
where x; = Oy and x,; = 1y are the bottom and the top elements of the lattice X, respectively.

Also, if CCX, then by \/C and A C, we denote the supremum and the infimum of C, respectively and by ¢/B(C), we denote
the set of all upper bounds of C.

Two elements x; and x; of X are said to be comparable if x; <x; or x; <x;. Otherwise they are said to be incomparable (we
write x;||x;). A subset of X in which every pair of elements is comparable is called a chain. A subset of X in which every two
distinct elements are incomparable is called an antichain. If A is an antichain, then

PI(A) ={x e X : x || a for every a € A}.
For every x; e X we set |*x; = {x e X : x <x;} \ {0x}.

Definition 2.1. We say that a cover of the lattice X is a subset C of X such that Ox ¢C and \/C = 1x. A cover D of X is called
refinement of a cover C of X, written D « C, if for every d € D, there exists c e C such that d<c.

We recall that the relation « is quasiorder (or preorder) (reflexive and transitive) but not in general antisymmetric.
We also use the following notation:

N0={0,1,2,...} and NZN()U{OO}.
Definition 2.2. Let X be a bounded lattice and k € Ny. The order of a subset C of X is defined as follows:

(a) ord(C) =k, if the infimum of any k + 2 distinct elements of C is Oy and there exist k + 1 distinct elements of C whose
infimum is not Oy.
(b) ord(C) = oo, if for every k € Ny, there exist k distinct elements of C whose infimum is not Oy.

Definition 2.3. Let BLat be the class of bounded lattices. We define the covering dimension function
dim : BLat — Ny
as follows:

(1) dim(X) <k, if every finite cover C of X has a finite refinement R with ord(R) <k.
(2) dim(X) =k, where k> 1, if dim(X)<k and dim(X) £ k — 1.
(3) dim(X) = oo, if the inequality dim(X) <k does not hold for any k € N.

Definition 2.4. A cover C of X is called minimal if CCR for every refinement R of C.

We mention that a minimal cover is the bottom element of the poset (Cov(X), <), where Cov(X) is the set of all covers
of X. Clearly, the cover {x,} is minimal if and only if every cover of X contains the top element x,.

Definition 2.5. Let (X, <) be a finite poset, where X = {X{, X,. ..., Xn}. The n x n matrix TS = (tij), where

f— 1, iinQXj
Yy 0, otherwise

is called the incidence matrix of X.
We denote by ¢;(Tg). ..., ca(T;S) the n columns of the incidence matrix Ty.

Definition 2.6. Let (X, <) be a finite poset, where X = {x1,x5, ..., Xn}. The n x n matrix A)f = (a;;), where

1, ifi=j

i = 2, iin<Xj

y -2, ifXj<X,'
0, ifX,' || Xj

is called the order-matrix of X.
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