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Abstract

Plants are essential to life. They are a source of food, medicine, clothing, and are important to a healthy environment.
Unfortunately, plants can become infected with a disease. A viral infection is one way that a plant may become
diseased. Often times, plants die from this infection. These viruses hurt the agriculture industry as billions of dollars
are lost due to crop loss every year. An insect vector is typically the cause for the virus propagation. The vectors
exhibit seasonal behavior as they are active in the warm months, but not as much so in the cooler months. To defend
against the vectors, pesticides have been used. While the pesticides might be effective in controlling the vectors, they
can have harmful side effects on the environment. An alternative solution is to introduce a predator, or just increase
the number of a naturally present one, to prey on the insects. In this paper, we use a mathematical model of ordinary
differential equation to model the dynamics of this biological process. We first present an autonomous system, then
two nonautonomous systems, accounting for the periodic nature of the insects. To analyze the models, the basic
reproductive number is used. We demonstrate a couple of approaches for determining this number: a time average
approach and a linear operator approach. Afterwards, numerical simulations are used to demonstrate the results.
Finally, comparisons are made between the models and the approaches.
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1. Introduction

Plants are a food source for man and many species. They also are sources of medicines, fibers for clothes, and are
essential for a healthy environment. But plants are subject to diseases many of which are caused by viruses. These
viruses often kill the plant. Specific examples can be seen in [5], [6], [11]. As a result, billions of dollars are lost every
year because of virus related crop loss [10]. Most of the time, virus propagation is done by an insect vector. Insect
vectors typically have a seasonal behavior. For example, aphids, a vector that transmits plant viruses, are more active in
the growing season than other times of the year [7]. In general, vectors are very active in the warm months and not very
active, almost dormant, in the cool or wet months. To combat the vectors, chemical insecticides are commonly used as
a control. Unfortunately, these chemicals have toxic effects on humans, animals and the environment in general. An
alternative is to introduce a predator, or just increase the number of a naturally present one, to prey on the insects. To
understand the dynamics, we will use a mathematical model of differential equations.

Mathematical models have been used to model plant virus propagation [3], [4], [5], [9], [12]. However, these
models do not take into consideration of the periodic nature of the vectors. In this paper, we extend the work in [4]
to include this fact by introducing periodic coefficients to the model. We will consider a Holling Type 1 interaction.
To analyze the model, the basic reproductive number R is used. This is the number of secondary infections an
infected individual generates. If Ry < 1, the disease will die out as t — oo, but if Ry > 1, an endemic will occur. For
autonomous systems, the authors in [2] developed a method to determine basic reproductive number using the next
generation approach. For nonautonomous systems, there have been several approaches to determining Ry. The authors
in [8], and [14] used a time average approach by replacing the periodic coefficients with their long time averages. This
approach works in some specific cases, but can overestimate or underestimate Ry in others. In [1], the authors defined
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