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a b s t r a c t

A simultaneous confidence band provides useful information about the plausible range of
the unknown regressionmodel. In several recent papers, confidence bands have been used
for various inferential purposes; see, for example, Liu et al. (2004, 2005, 2009, 2010, 2012,
2014), Liu andHayter (2007) [1], Liu and Lin (2009), Piegorsch et al. (2005), Han et al. (2015)
and Zhou (2017). The construction of simultaneous confidence bands has a long history,
going back toWorking and Hotelling (1929) [2], and is often difficult, when the region over
which a confidence band is required is restricted and the number of predictor variables
is greater than one. In this paper we have developed methods to construct simultaneous
confidence bands for a percentile hyper-plane. These methods allow us to construct the
bands over arbitrary intervals, either finite or infinite; they also allow us to construct
the Type I and Type II bands. In order to get an idea of the efficiency of these bands,
we have also developed the confidence sets for the bands and have compared the bands
under the minimum volume confidence set optimality criterion. The proposed methods
are illustrated by an example.

© 2018 Elsevier B.V. All rights reserved.

1. Introduction

The problem addressed in this paper is that of constructing simultaneous confidence bands, both Type I and Type II,
over given covariate intervals, either finite or infinite, for the percentile hyper-plane y(γ , x) = xTβ + zγ σ , where zγ is the
100γ th percentile of the standard normal distribution, for the case of the multiple linear regression model Y = Xβ + e
with e ∼ Nn(0, σ 2I). Recently, several papers have considered various applications of the confidence bands for the mean
regression hyper-plane ŷ(x) = xTβ̂ which is a special case of the percentile hyper-plane ŷ(γ , x) = xTβ̂ + zγ σ̂ , when zγ = 0,
that is, γ = 0.5; see, for example, [3–12].

Consider the simultaneous confidence band of the form

ŷ(γ , x) ∈ xTβ̂ + zγ σ̂ /θ ± cσ̂
√
xT(XTX)−1x + (zγ )2ξ

for every xl ∈ (al, bl), l = 1, 2, . . . , p
(1)

where c is a critical constant that is suitably chosen so that the confidence level of the band is equal to 1 − α, and the
values of θ and ξ were studied by several researchers as discussed below. Based on whether ξ = 0 or ξ ̸= 0, the
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band can be divided into Type I and Type II, respectively. Throughout this paper we will denote the covariate region by
Ω = {(x1, . . . , xp)T : ai ≤ xi ≤ bi, i = 1, 2, . . . , p}, where −∞ ≤ ai < bi ≤ +∞ (i = 1, 2, . . . , p) is given.

Without loss of generality we use the mean-centered covariates. Therefore, the ith row of the usual design matrix X is
given by (1, xi1−x·1, xi2−x·2, . . . , xip−x·p). LetX(1) denote the resultant of deleting the first column fromX. It is well-known
that the ordinary least square estimators of β and σ 2 are given by β̂ = (̂β0, β̂

T
(1))

T
= (XTX)−1XTY = (y,YTX(1)(XT

(1)X(1))−1)T

and σ̂ 2
= (YTY − β̂

TXTY)/ν, where ν = n − p − 1 and

(XTX)−1
=

(
1/n 0T

0 (XT
(1)X(1))−1

)
.

Let P be the unique positive definite square-root matrix of (XTX)−1, and therefore

P =

(
1/

√
n 0T

0 (XT
(1)X(1))−1/2

)
.

It is well known that β̂ and σ̂ 2 are independent random variables with β̂ ∼ Np+1(β, σ 2(XTX)−1) and U2
= σ̂ 2/σ 2

∼ χ2
ν /ν.

Obviously, N = P−1 (̂β − β)/σ ∼ Np+1(0, I). The random variable NTN has a central χ2 distribution with p + 1 degrees of
freedom. For convenience of notation, we decompose N into N = (N1,NT

(1))
T where N1 is the first element of N, and N(1) is

resultant from deleting the first element of N. Define two random variables D and G as follows:

D =

(
N1 + (

√
U/θ − 1)

√
nzγ

N(1)

)
for ξ = 0

and

G =

(
N

(
√
U/θ − 1)/

√
ξ

)
for ξ ̸= 0.

The conditional distribution of D, given U = u, is multivariate normal, viz.

(D|U = u) ∼ Np+1

[(
(
√
u/θ − 1)

√
nzγ

0

)
, I
]
.

This implies that when zγ ̸= 0, (DTD)|U = u is a noncentral χ2 distribution with p + 1 degrees of freedom and the
noncentrality parameter λ = nz2γ (

√
U/θ − 1)2; when zγ = 0, DTD has a central χ2 distribution with p + 1 degrees of

freedom. The random variable GTG is the sum of two dependent variables: (
√
U/θ − 1)2/ξ and NTN.

Define T = P−1 (̂β − β)/σ̂ . It follows from the definition of T that T = P−1 (̂β − β)/σ̂ = N/(σ̂ /σ ) = N/U is a standard
(p + 1)-dimensional t random vector with ν degrees of freedom, and that ∥T∥ ∼

√
(p + 1)Fp+1,ν where Fp+1,ν denotes an F

random variable with p + 1 and ν degrees of freedom.
Constructing the simultaneous confidence band for a percentile line has a long history. Publishedwork has focused on the

confidence band only in the simple linear regression case, that is, p = 1. Steinhorst and Bowden [13] constructed two types
of simultaneous confidence bands over the infinite interval (−∞,+∞); Based on Bowden [14] and using ξ = 0, θ = 1, and
the distribution ofDTD, they construct a Type I band, whereas they constructed a Type II band by using ξ = 1, θ = 1, and the
distribution of GTG. On the basis of the Cauchy–Schwarz inequality, Turner and Bowden [15] generalized the procedure of
Steinhorst and Bowden over the infinite interval (−∞,+∞) by using the values of several pairs of (ξ, θ ): (0,

√
2
ν

Γ ((ν+1)/2)
Γ (ν/2) ),

(0,
√

2
ν

Γ (ν/2)
Γ ((ν−1)/2) ), (0,

1
√
n ), and (0,∞). Using ξ =

1
2ν and θ = 1 −

1
4ν , Thomas and Thomas [16] used the Cauchy–Schwarz

inequality and the conditional distributions of GTG, given U = u, to construct symmetric Type II bands over the infinite
interval (−∞,+∞). Using θ =

√
2
ν
Γ ( ν+1

2 )/Γ ( ν2 ) and ξ =
ν
2 (Γ ( ν2 )/Γ ( ν+1

2 ))2 − 1, Han et al. [17] proposed an asymmetric

confidence band over the interval (a, b) by applying a simulation-based method.
Note that when θ =

√
2
ν
Γ ( ν+1

2 )/Γ ( ν2 ) and ξ =
ν
2 (Γ ( ν2 )/Γ ( ν+1

2 ))2 − 1, E(xT β̂ + zγ σ̂ /θ ) = xTβ + zγ σ and var(xT β̂ +

zγ σ̂ /θ ) = [xT (XTX)−1x + (zγ )2ξ ]σ 2. In this paper we choose θ =

√
2
ν
Γ ( ν+1

2 )/Γ ( ν2 ) and ξ = 0 to construct the Type I band,

and choose θ =

√
2
ν
Γ ( ν+1

2 )/Γ ( ν2 ) and ξ =
ν
2 (Γ ( ν2 )/Γ ( ν+1

2 ))2 − 1 to construct the Type II band, respectively.

This paper is divided as follows. In Section 2 we construct the Type I and Type II bands. In Section 3 the confidence sets
for the bands are developed. Section 4 presents two examples to illustrate the recommendedmethods. Section 5 offers some
concluding remarks.
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