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Abstract

In this paper, a new technique to construct a family of divided differences for designing derivative-free
iterative methods for solving nonlinear systems is proposed. By using these divided differences any kind
of iterative methods containing a Jacobian matrix in its iterative expression can be transformed into a
”Jacobian-free” scheme preserving the order of convergence. This procedure is applied on different schemes,
showing theoretically their order and error equation. Numerical experiments confirm the theoretical results
and show the efficiency and performance of the new Jacobian-free schemes.
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1. Introduction

Nonlinear systems are of interest to engineers, physicists, mathematicians and other scientists, because
the modelization of many nonlinear problems arising in different fields of science is made by means of a
nonlinear system of equations.

Let F (x) = 0 be a system of nonlinear equations, where F : D ⊆ Rn −→ Rn and fi, i = 1, 2, . . . , n,5

are the coordinate functions of F , F (x) = (f1(x), f2(x), . . . , fn(x))
T . Nonlinear systems are difficult to

solve, the solution x usually is obtained by linearizing the nonlinear problem or using a fixed point function
G : D ⊆ Rn −→ Rn, which leads to a fixed point iteration scheme. There are many finding-root methods
for systems of nonlinear equations. The most famous one is the second order Newton method,

x(k+1) = x(k) −
[
F ′(x(k))

]−1

F (x(k)), (1)

where F ′(x(k)) is the Jacobian matrix of F evaluated at kth iteration.10

In recent decades, many authors have tried to design iterative procedures with better efficiency and higher
order of convergence than Newton’s scheme (see, for example, [1, 2, 3, 4, 5, 6, 7, 8, 9, 10] and the references
therein). Most of them need to evaluate the Jacobian matrix at one or more points per iteration. One of
the difficulties of using these methods is the computation of the Jacobian matrix, that in some cases, may
not exist, or when it exists, for high dimensional cases, computing the Jacobian matrix is too costly or even15

in some cases unviable. Therefore, some authors have tried to omit the Jacobian matrix, replacing it by a
divided difference operator. The simplest one is Steffensen’s scheme [11], obtained by replacing the Jacobian
matrix in Newton’s method by a first-order divided difference, preserving the second order of convergence,

x(k+1) = x(k) − [z(k), x(k);F ]−1F (x(k)),
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