
Accepted Manuscript

Mixed recurrence equations and interlacing properties for zeros of sequences of classical
q-orthogonal polynomials

D.D. Tcheutia, A.S. Jooste, W. Koepf

PII: S0168-9274(17)30238-6
DOI: https://doi.org/10.1016/j.apnum.2017.11.003
Reference: APNUM 3279

To appear in: Applied Numerical Mathematics

Received date: 13 March 2017
Revised date: 1 November 2017
Accepted date: 9 November 2017

Please cite this article in press as: D.D. Tcheutia et al., Mixed recurrence equations and interlacing properties for zeros of sequences of
classical q-orthogonal polynomials, Appl. Numer. Math. (2018), https://doi.org/10.1016/j.apnum.2017.11.003

This is a PDF file of an unedited manuscript that has been accepted for publication. As a service to our customers we are providing
this early version of the manuscript. The manuscript will undergo copyediting, typesetting, and review of the resulting proof before it is
published in its final form. Please note that during the production process errors may be discovered which could affect the content, and all
legal disclaimers that apply to the journal pertain.

https://doi.org/10.1016/j.apnum.2017.11.003


Mixed recurrence equations and interlacing properties for zeros of
sequences of classical q-orthogonal polynomials

D.D. Tcheutiaa, A.S. Joosteb, W. Koepfa,∗

aInstitute of Mathematics, University of Kassel, Heinrich-Plett Str. 40, 34132 Kassel, Germany
bDepartment of Mathematics and Applied Mathematics, University of Pretoria, Pretoria 0002, South Africa

Abstract

Using the q-version of Zeilberger’s algorithm, we provide a procedure to find mixed recurrence
equations satisfied by classical q-orthogonal polynomials with shifted parameters. These equations
are used to investigate interlacing properties of zeros of sequences of q-orthogonal polynomials.
In the cases where zeros do not interlace, we give some numerical examples to illustrate this.
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1. Introduction

Let 0 < q < 1. The classical q-orthogonal polynomials were introduced by Hahn [8] and
can be written in terms of basic hypergeometric series, as introduced by Heine [9] in 1847. These
polynomials are associated especially to quantum groups (cf. [16, 18, 19]), as introduced in [4, 26].
We list the systems of monic q-orthogonal polynomials considered in this paper (cf. [15]).

1. Askey-Wilson polynomials

p̃n(x; a, b, c, d|q) =
(ab, ac, ad; q)n

(2a)n(abcdqn−1; q)n
4φ3

(
q−n, abcdqn−1, aeiθ, ae−iθ

ab, ac, ad

∣∣∣∣∣∣ q; q

)
, x = cos θ, (1)

with a, b, c, d either real, or they occur in complex conjugate pairs, and max(|a|, |b|, |c|, |d|) < 1,
x ∈ (−1, 1);

2. q-Racah polynomials

R̃n(μ(x);α, β, γ, δ|q) =
(αq, βδq, γq; q)n

(αβqn+1; q)n
4φ3

(
q−n, αβqn+1, q−x, γδqx+1

αq, βδq, γq

∣∣∣∣∣∣ q; q

)
, μ(x) = q−x+γδqx+1,

(2)
n ∈ {0, 1, . . . ,N}, αq = q−N or βδq = q−N or γq = q−N , N a nonnegative integer;
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