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Abstract

For any integer r ≥ 3, we define the sunlet graph of order 2r , denoted L2r , as the graph consisting of a cycle of length r together
with r pendant vertices, each adjacent to exactly one vertex of the cycle. In this paper, we give necessary and sufficient conditions
for decomposing the lexicographic product of the complete graph and the complete graph minus a 1-factor, with complement of
the complete graph Km , (that is Kn ⊗ K̄m and Kn − I ⊗ K̄m , respectively) into sunlet graphs of order twice a prime.
c⃝ 2016 Kalasalingam University. Publishing Services by Elsevier B.V. This is an open access article under the CC BY-NC-ND

license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction and notations

All graphs considered here are simple and finite. Let Cr , Kn , K̄n and Kn,n denote a cycle of length r , the complete
graph on n vertices, its complement and a complete bipartite graph, respectively. Also, let L2p stand for the sunlet
graph (or corona graph) which is a graph that consists of a cycle and an edge terminating in a vertex of degree one
attached to each vertex of cycle C p. A graph G is said to be decomposable into a graph H or H decomposes G, if G
can be written as the union of edge-disjoint copies of H so that every edge in G belongs to one and only one copy of
H . We write G ∼= H ⊕ H ⊕ · · · ⊕ H , or simply H |G if G is decomposable into H . Also, H |G means decomposition
of G into copies of H .

We denote by G ⊗ H the lexicographic product of graphs G and H , which is obtained by replacing every vertex of
G by a copy of H and every edge of G by the complete bipartite graph K|H |,|H |. The graph Kn ⊗ K̄m is isomorphic
to the complete n-partite graph in which each partite set has exactly m vertices. The graph Cr ⊗ K̄m is an equipartite
graph, with the degree of any vertex being 2m and the total number of edges is rm2. The graph (Kn − I ) is a complete
graph minus a 1-factor and its lexicographic product with K̄m , (Kn − I ) ⊗ K̄m , is an equipartite graph.
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A great deal of research has been done on the study of decomposition of complete graphs into cycles (see for
example [1–3]).

Obvious necessary conditions for the existence of a k-cycle decomposition of a simple connected graph G is that
G has at least k vertices (or trivially, just one vertex), the degree of every vertex in G is even and the total number of
edges in G is a multiple of the cycle length k. These conditions have been shown to be sufficient in the case that G is
the complete graph, Kn , or the complete graph minus a 1-factor, Kn − I [1,3].

The study of cycle decomposition of Kn ⊗ K̄m was initiated by Hoffman et al. [4]. The necessary and sufficient
conditions for the existence of a C p-decomposition of Kn ⊗ K̄m , where p ≥ 5 (p is prime), was obtained by
Manikandan and Paulraja [5,6]. Similarly, when p ≥ 3 is a prime, the necessary and sufficient conditions for the
existence of a C2p-decomposition of Kn ⊗ K̄m were obtained by Smith [7]. For a prime number p ≥ 3, it was proved
by Smith [8] that C3p-decomposition of Kn ⊗ K̄m exists if the obvious necessary conditions are satisfied. In [9],
Anitha and Lekshmi proved that the complete graph Kn for n even has a decomposition into sunlet graph Ln .

The necessary condition for the equipartite graphs (Kn − I ) ⊗ K̄m and Kn ⊗ K̄m to be decomposed into L2p is
that the number of edges in (Kn − I ) ⊗ K̄m and Kn ⊗ K̄m must be a multiple of 2p. In this paper, we consider the
decomposition of Cr ⊗ K̄m , Kn ⊗ K̄m and (Kn − I )⊗ K̄m into L2p, p a prime number and prove among other results,
that the necessary condition is sufficient that is:

1. Let m ≥ 2 and n > 3 be even integers, p an odd prime. The graph (Kn − I ) ⊗ K̄m admits a decomposition into
sunlet graphs L2p if and only if the obvious necessary condition 1

2 n(n − 2)m2
≡ 0(mod 2p) is satisfied.

2. Let m ≥ 2 and n ≥ 3 be even and odd integers respectively, p an odd prime. The graph Kn ⊗ K̄m admits a
decomposition into sunlet graphs L2p if and only if the obvious necessary condition 1

2 n(n − 1)m2
≡ 0(mod 2p) is

satisfied.

2. Proof of results

To prove the results, we need the following.

Lemma 2.1. For r ≥ 3, L2r |Cr ⊗ K̄2.

Proof. From the definition of the graph Cr ⊗ K̄2, each vertex xi in Cr is replaced by a pair of two independent vertices
xi,1, xi,2 and each edge xi x j is replaced by four edges xi,1x j,1, xi,1x j,2, xi,2x j,1, xi,2x j,2. First we construct two base
cycles C1

r and C2
r as follows:

C1
r = x1,1x2,1x3,1...xr,1

and

C2
r = x1,2x2,2x3,2...xr,2.

Therefore we have two cycles C1
r and C2

r . Define a mapping φ by φ(xi,1) = xi+1,2 and φ(xi,2) = xi+1,1, where the
sum on the first suffix is taken modulo r . The vertices φ(xi,1) and φ(xi,2) are pendant vertices. Attach each pendant
vertex φ(xi,1) to each vertex xi,1 in C1

r and φ(xi,2) to each vertex xi,2 in C2
r . The cycles C1

r , C2
r with pendant vertices

φ(xi,1) and φ(xi,2) attached respectively give two sunlet graphs with 2r vertices. Hence, Cr ⊗ K̄2 can be decomposed
into two copies of L2r . �

Lemma 2.2. The graph L2r ⊗ K̄l is decomposable into l2 copies of L2r for any positive integer l and r > 2.

Proof. Let the vertices of sunlet graphs on 2r vertices L2r be {1, 2, . . . , r, 1′, 2′, . . . , r ′
} where i ′ is the pendant vertex

of L2r connected with the vertex I of the cycle in L2r . Then the vertex of L2r wreath compliment of complete graph
on l vertices are {(p, a), (p′, a) | p, p′

= 1, 2, . . . , r and a = 1, 2, . . . , l}. Then form the sunlet graphs L1
2r , . . . , Ll2

2r
from L2r ⊗ K̄l as follows:

Construct an l×l Latin square. For each of the l2 element, we can form an r -cycle, Cr . If r is even, Cr is of the form
(1, u), (2, v), (3, u), . . . , (r −1, u), (r, α) and if r is odd, Cr is of the form (1, u), (2, v), (3, u), . . . , (r −1, v), (r, α),
where u is the row, v is the column and α (1 ≤ α ≤ l) is the entry in the Latin square.

Next form the sunlet graph L2r from each of the l2 r -cycles, as follows:
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