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counted by the Motzkin numbers, and we give a constructive bijection between these
objects and Motzkin paths. As a byproduct, we provide a generating function for the
number of Motzkin paths of height k with a flat (resp. with no flats) at the maximal height.
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1. Introduction and notations

A Dyck path of semilength n > 0 is a lattice path starting at (0, 0), ending at (2n, 0), and never going below the x-axis,
consisting of up steps U = (1, 1) and down steps D = (1, —1). Let D,, n > 0, be the set of all Dyck paths of semilength
n, and let D = UyD;. The cardinality of D, is given by the nth Catalan number, which is the general term = (>") of
the sequence A000108 in the On-line Encyclopedia of Integer Sequences of N.J.A. Sloane [17]. A large number of various
classes of combinatorial objects are enumerated by the Catalan numbers such as planar trees, Young tableaux, stack sortable
permutations, Dyck paths, and so on. A list of over 60 types of such combinatorial classes has been compiled by Stanley [18].
In combinatorics, many papers deal with Dyck paths. Most of them consist in enumerating Dyck paths according to several
parameters, such as length, number of peaks or valleys, number of double rises, number of returns to the x-axis (see for
instance [2,8-16,19]). Other studies investigate restricted classes of Dyck paths avoiding some patterns or having a specific
structure. For instance, Barcucci et al. [1] consider non-decreasing Dyck paths which are those having a non-decreasing
sequence of heights of valleys (see also [6,7]), and it is well known [5] that Dyck paths avoiding the triple rise UUU are
enumerated by the Motzkin numbers (see AO01006 in [17]).

Any non-empty Dyck path P € D has a unique first return decomposition [8] of the form P = UaDB where « and S are
two Dyck paths in D. See Fig. 1 for an illustration of this decomposition.

Based on this decomposition, we construct a new collection of subsets of D as follows. Given a function s : D — N, called
statistic, and a comparison operator ¢ on N (for instance > or >), the set D% is the union of the empty Dyck path with all
Dyck paths P having a first return decomposition P = UxDg satisfying the conditions:

a, B € D¥°,
{s(UozD)os(ﬂ). (1)
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Fig. 1. First return decomposition Ua«Dg of a Dyck path P € D.

Fig. 2. The two Dyck paths in D§‘>.

Table 1

Cardinalities of D"° according to the o-constraint.
©-constraint Sequence OEIS a,,1<n<9
h(UaD) > h(B) A045761 1,1,2,3,6,12, 24,50, 107
h(UaD) > h(B) Motzkin A001006 1,2,4,9,21,51, 127, 323, 835

For n > 0, we denote by D} ° the set of Dyck paths of semilength n in D*°. Thus, we have D*° = | . ,D;°.

For instance, if the operator ¢ is = and s is a constant statistic (i.e., s(?) = 0 for any P € D), then we obviously have
D}° =Dy forn > 0.

If s is the number of returns (i.e., s(P) is the number of down steps D that return the path P to the x-axis) and s(UaD) ¢ s(8)
is s(UaD) > s(B), then it is straightforward to see that D= consists of Dyck paths built over the grammar S — € |
USD | USDUSD. So, the generating function S(x) for the cardinalities of Dj=, n > 0, satisfies the functional equation
S(x) = 1 4 xS(x) + x2S(x)?. The solution of this equation is the well-known generating function for the Motzkin numbers
(A001006 in [17]).

In this paper, we focus on the sets D™ where the statistic h is the maximal height of a Dyck path, i.e., h(P) is the maximal
ordinate reached by the path P.

In Section 2, we deal with the case in which operator ¢ is a strict inequality >. We prove that the cardinalities of the
sets D>, n > 0, are given by the sequence A045761 in [17]. This sequence corresponds to the coefficients of the series
lim_, o Px(x) where Py(x) is a polynomial recursively defined by Py(x) = x, P1(x) = x?, Pi(x) = Pr_1(x) + Pr_z(x) if k is even,
and Pi(x) = Py_1(x) - Pr_p(x) if k is odd.

In Section 3, we focus on the set D= where h(UaD) > h(B) (the operator ¢ is >). Using generating functions, we
prove that the cardinalities of the Dﬁ'z, n > 0, are given by the Motzkin numbers (A001006 in [17]). Moreover, we give
a constructive one-to-one correspondence ¢ between Dyck paths in D,’}’Z and Motzkin paths of length n. Also, we show
how ¢ transforms peaks UD into peaks UD and flats F in Motzkin paths. Finally, we deduce generating function for the total
number of peaks in D=,

Table 1 presents the two main enumerative results of D" obtained in Sections 2 and 3.

2. Enumeration of D>

In this section, we enumerate the set D’,}*> of Dyck paths of semilength n > 0 with a first return decomposition satisfying
h(UaD) > h(B) where h is the maximal height of a Dyck path. For instance, we have D’l”> = {UD}, D’z”> = {UUDD}, and
D> = (UUDDUD, UUUDDD) (see Fig. 2).

Let Ax(x) = >, o@n kX" (resp. By(x) = Y. obnkX") be the generating function where the coefficient a, k (resp. by ) is the
number of Dyck paths in D> with a maximal height equal to k (resp. of at most k). So, we have By(x) = Zﬁ;oAi(x) and the
generating function B(x) for the set D> is given by B(x) = limy_, 4oBk(X).

Any Dyck path of height k in D"> is either empty, or of the form UaDg where « is a Dyck path in D"> of height k — 1
and B € P"> such that h(8) < k — 1. So, we deduce easily the following functional equations:

Ao(X) = Bo(x)=1, (2)
A(X) = xAr_1(x) - Br_1(x) for k > 1.
Theorem 1. We have for k > 0,

_ Pu(x)
X

By(x)
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