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a b s t r a c t

In this paper, R is a finite chain ring with residue field Fq and γ is a unit in R. By assuming
that themultiplicative order u of γ is coprime to q,we give the trace-representation of any
simple-root γ -constacyclic code over R of length ℓ, and on the other hand show that any
cyclic code over R of length uℓ is a direct sum of trace-representable cyclic codes. Finally,
we characterize the simple-root, contractable and cyclic codes over R of length uℓ into
γ -constacyclic codes of length ℓ.

© 2018 Elsevier B.V. All rights reserved.

1. Introduction

Let R be a finite chain ring with identity element 1R, and Fq its residue field. Let π : R → Fq be the natural ring-
epimorphism, and γ ∈ R be a unit with multiplicative order u. An R-linear code C of length n is γ -constacyclic, if τγ (C ) = C

where the γ -shift operator τγ : Rn
→ Rn is defined by: τγ (c0, c1, . . . , cn−1) = (γ cn−1, c0, . . . , cn−2). Especially, cyclic and

negacyclic codes correspond respectively to γ = 1R and γ = −1R (see [5] and the references therein). By considering the
map π : R → Fq,we define the residue π (C ) of any R-linear code C of length n to be

π (C ) :=

{
(π (c0), π (c1), . . . , π (cn−1)) : (c0, c1, . . . , cn−1) ∈ C

}
.

Obviously, π (C ) is an Fq-linear code. The equality π (τγ (C )) = τπ (γ ) (π (C )) allows to see that the residue of any γ -
constacyclic code over R is π (γ )-constacyclic.

The class of constacyclic codes over rings was introduced as an extension of the class of cyclic codes over rings. Recently,
constacyclic codes over various rings were considered. Historically, Wolfmann J. [13] was the first to study the structural
properties of negacyclic codes over Z4, proving under some conditions that several constacyclic codes are equivalent to
cyclic codes. Those results were generalized to γ -constacyclic codes over R,with multiplicative order of γ being a power of
the characteristic of R (see [1,2,4,14] and the references therein). In this paper, we study the simple-root constacyclic codes of
length ℓ over a finite chain ringR, their length ℓ ofwhich is coprime to the characteristic ofR.Wegive a complete Bierbrauer’s
approach for any free constacyclic code over R of length ℓ, and we decompose any (non-necessary free) cyclic codes over
R of length uℓ into a direct sum of trace-representable cyclic codes over R of length uℓ. An R-linear code K of length ℓ is a
contraction of an R-linear code C of length n, if ℓ < n and (c0, c1, . . . , cℓ−1) ∈ K for all (c0, c1, . . . , cℓ−1, cℓ, . . . , cn−1) ∈ C .

Finally, we give a necessary and sufficient condition so that the contraction of a cyclic code over R of length uℓ, is a
γ -constacyclic code over R of length ℓ.
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The rest of this paper is organized as follows. In Section 2, we give some results, which will be used in the following
sections. In Section 3, we explore a Bierbrauer’s approach for any free simple-root constacyclic code, and decompose any
cyclic code into a direct sum of trace-representable cyclic codes. In Section 4, we characterize the simple-root cyclic codes
over R of length uℓ,whose contractions are constacyclic codes over R of length ℓ.

2. Preliminaries

Throughout this section, Fq denote the finite field of order q and characteristic p, R is a finite chain ring of invariants (q, s),
which is a local ring R with maximal ideal J(R), such that J(R) is principal, R/J(R) ≃ Fq and R ⊋ J(R) ⊋ · · · ⊋ J(R)s−1 ⊋
J(R)s = {0R}. The positive integer s is called the nilpotency index of R and Fq is called residue field of R. Obviously, the ideals
of R, are precisely J(R)t = Rθ t for t ∈ {0; 1; · · · ; s}, and for some fixed generator θ of J(R). The natural ring-epimorphism
π : R → Fq extends to R[X] → Fq[X] of in the following way: π

(∑
aiX i

)
=
∑
π (ai)X i for ai ∈ R. The multiplicative order

ord(γ ) of the unit γ in R, is the smallest positive integer among the positive integers i fulfilling i ̸= 0 and γ i
= 1. The

following definitions and results on the finite chain rings were extracted from monographs [10,11].

2.1. Galois extension of finite chain rings

Let R be a finite chain ring of invariants (q, s). Let Γ (R)∗ be the unique cyclic subgroup of R× of order q − 1. The set
Γ (R)∗ ∪ {0R} is called the Teichmüller set of R, and one just writes Γ (R) = Γ (R)∗ ∪ {0R}. The subset 1R + J(R) of R is a
multiplicative subgroup of R× and R×

≃ Γ (R)∗ × (1R +J(R)) (as groups), since R×
= R\J(R) and gcd(q, q−1) = 1.Nechaev

reveals in [11] that Γ (R) is the set of roots of Xq
− X,which allows us to characterize the subgroups Γ (R)∗ and 1R + J(R) of

R× of the following way.

Proposition 2.1. If R be a finite chain ring of invariants (q, s), thenΓ (R)∗ =
{
γ ∈ R×

: gcd(q, ord(γ )) = 1
}
and 1R+J(R) ={

γ ∈ R×
: ord(γ ) divides qs−1

}
.

The cardinality of the residue field and the nilpotency index of R suffice for our study of simple-root constacyclic codes
over R.

Example 2.1. The finite field Fq is the finite chain ring of invariants (q, 1). The ringsZps and Fp[X]/⟨ X s
⟩ are non-isomorphic

finite chain rings of invariants (p, s).

The ring S is an extension of R, and we denote it by S|R, if R is a subring of S and 1R = 1S . If S is an extension of R, then
S is an R-module. When S is a free R-module, the rank [S : R] of the R-module S is the cardinality of an R-basis of S.We
denote by AutR(S), the group of ring-automorphisms of S fixing the elements of R. A local ring S is a Galois extension of R
with degree m, if [S : R] = m, J(S) = J(R)S and R := {a ∈ S : ϱ(a) = a for all ϱ ∈ AutR(S)} . A monic polynomial f over R
is basic-irreducible, if π (f ) is irreducible over Fq. From [10, Theorem XIV.8 and Corollary XV.4], we have the following result.

Proposition 2.2. Let R be a finite chain ring. The ring S is a Galois extension of R with degree m, if and only if there exists a
monic basic-irreducible polynomial f over R of degree m such that S ≃ R[X]/⟨ f ⟩ (as R-algebras), where ⟨ f ⟩ is the ideal of R[X]

generated by f .

For instance, the Galois ring with characteristic ps of cardinality q (recall that GR(ps, r) and q = pr ) is the Galois extension
of Zps with degree r. According to [10, Theorem XV.7 ], there is a unique (up to R-algebra isomorphism) Galois extensions
of R with a specified degree m. The Galois extension S of R with degree m is a free R-module, and S is a finite chain ring
of invariants (q[S:R], s). The recapitulative Theorem XV.7 in [10], stipulates that the group AutR(S) is cyclic of order [S : R]
and S = R[ξ ] where ξ is a generator of Γ (S). From now, S|R is the Galois extension of finite chain rings of degree m where
m := [S : R], and σ is a generator of AutR(S). The trace map TrS

R : S → R is defined as: TrS
R := IdS + σ + · · · + σm−1,where

IdS : S → S is the identity map of S. Obviously TrS
R ◦ σ = TrS

R. Several facts about the trace map are already known.

Proposition 2.3 ([10, Chap. XIV]). Let S be a Galois extension of R. The trace map TrS
R : S → R is an R-module epimorphism.

2.2. Galois-invariance of linear codes over finite chain rings

Recall that an R-linear code (or linear code over R) of length n is a submodule of the R-module Rn. An R-linear code over
R is free, if it is free as an R-module. A matrix G is called a generator matrix for an R-linear code C , if the rows of G span C and
none of them can be written as an R-linear combination of the other rows of G. A matrix G is in the standard form if there
exists an s-tuple (k0, k1, . . . , ks−1) in Ns (where s is the nilpotency index of R) such that

G =

⎛⎜⎝ Ik0 G0,1 G0,2 · · · G0,s−1 G0,s
0 θ Ik1 θG1,2 · · · θG1,s−1 θG1,s
· · · · · · · · · · · · · · · · · ·

0 0 0 · · · θ s−1Iks−1 θ s−1Gs−1,s

⎞⎟⎠U, (1)



Download	English	Version:

https://daneshyari.com/en/article/8902988

Download	Persian	Version:

https://daneshyari.com/article/8902988

Daneshyari.com

https://daneshyari.com/en/article/8902988
https://daneshyari.com/article/8902988
https://daneshyari.com/

