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a b s t r a c t

Let R be the Galois ring GR(pk, s) of characteristic pk and cardinality psk. Firstly, we give
all primitive idempotent generators of irreducible cyclic codes of length n over R, and a
p-adic integer ring with gcd(p, n) = 1. Secondly, we obtain all primitive idempotents of all
irreducible cyclic codes of length rlm over R, where r, l, and t are three primes with 2 ∤ l,
r|(qt −1), lv ∥ (qt −1) and gcd(rl, q(q−1)) = 1. Finally, as applications, weight distributions
of all irreducible cyclic codes for t = 2 and generator polynomials of self-dual cyclic codes
of length lm and rlm over R are given.

© 2017 Elsevier B.V. All rights reserved.

1. Introduction

At the beginning of the 1990s, codes over rings drew the attention of scholars due to the work of Nechaev [26] and
Hammons et al. [19]. They showed that several prominent families of good nonlinear binary codes can be identified as
images of Z4-linear codes under the fundamental Gray isometry between Z4 and Z2

2, the former equipped with the Lee
metric, the latter with the Hamming metric. Since then, codes and sequences over rings have been widely investigated (see
[5–7,12–14]).

Let R be a commutative ring with identity. A linear code C of length n over R is an R-submodule of Rn. In particular, if R
is a finite field of order q, a linear [n, k] code C over Fq is a k-dimensional subspace of Fq. Note that cyclic codes of length
n over the ring R are described by the ideals of the ring R[x]/⟨xn − 1⟩ or as an ideal in the group algebra RCn, where Cn
denotes the cyclic group of order n. Irreducible cyclic codes of length n are the ideals generated by primitive idempotents. A
lot of papers investigate the primitive idempotents of cyclic codes over finite rings, especially for finite fields. For instance,
in 1997, Kanwar et al. [20] obtained all primitive idempotents of irreducible cyclic codes over the ring of integers modulo
pm. For more details about primitive idempotents of cyclic codes, the reader is referred to [1–4,10,18,20,22–24,29].

For a code C of length n over R, the dual code of C is defined as C⊥
= {u ∈ Rn

|u·v = 0, for all v ∈ C}, where u·v denotes the
standard Euclidean inner product of u and v in Rn. The code C is said to be self-orthogonal if C ⊆ C⊥, and self-dual if C = C⊥.
Qian et al. [28] presented enumeration formulas for self-dual cyclic codes of odd length over Z2m. Later, Chen et al. [9] got
some new necessary and sufficient conditions for the existence of nontrivial self-dual cyclic codes of length n over finite
commutative chain rings. More papers related to self-dual codes over rings or fields are following: [5,8,11,15,16,28].
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Let Ai be the number of codewords with Hamming weight i in the code C of length n. The weight enumerator of C is
defined by A(z) = 1+ A1z + A2z2 + · · · + Anzn. The sequence (1, A1, A2, . . . , An) is called the weight distribution of the code
C. In coding theory it is often desirable to know the weight distributions of the codes because they can be used to estimate
the error correcting capability and the error probability of error detection and correction with respect to some algorithms.

The remainder of this paper is organized as follows. In Section 2, there are some preliminaries. In Section 3, we investigate
primitive idempotents of R[x]/⟨xn − 1⟩ for a Galois ring R; in particular, we also obtain all irreducible cyclic codes of length
n over the p-adic integer ring with gcd(p, n) = 1. In Section 4, primitive idempotents of all irreducible cyclic codes of length
rlm over a Galois ring R are obtained. This work, see Theorems 4.1 and 4.2, is an extension of the results of [22, Theorem 3.3,
Theorem 3.7 ]. Finally, as applications, weight distributions of irreducible cyclic codes of length rlm in case of t = 2 and all
generator polynomials of self-dual cyclic codes of length lm and rlm over a Galois ring are given in Section 5.

For convenience, we introduce the following notations in this paper:

q A power of prime p, q = ps,
Zpk A residue class ring modulo pk,
R = GR(pk, s) Galois ring of characteristic pk and cardinality pks,
R′

= GR(pk, st) Galois ring of characteristic pk and cardinality pkst ,
Fq Finite field GF (q),
Tr Trace function from R′ to R,
tr Trace function from Fqt to Fq,
µ The map of reduction modulo p,
f̂ (x) f̂ (x) = (xn − 1)/f (x) if the polynomial f (x) divides xn − 1,
f ∗(x) The reciprocal polynomial of f (x).

2. Review of Galois rings and p-adic integer rings

Some preliminaries on Galois rings and p-adic integer rings are given below. For more details, the reader is referred
to [19,17,21,25,30].

For positive integers k andm such that k,m ≥ 1, let Zpk be the ring of integers modulo pk and f a monic basic irreducible
polynomial of degreem inZpk [x]. The ringZpk [x]/(f ) is called the Galois ring denoted byGR(pk, s), which is a Galois extension
of the ring Zpk . In particular, GR(pk, 1) = Zpk and GR(p, s) = Fps . In this paper, assume that R = GR(pk, s). Then R is a finite
chain ring of length k + 1 and its unique maximal ideal is pR, i.e.

{0} = pkR < pk−1R < · · · < pR < R.

The group of units of the Galois ring contains a unique cyclic multiplicative group T ∗
s of order ps − 1. If ξs is a generator of

this group, then T ∗
s = ⟨ξs⟩ and the set

T = T ∗

s ∪ {0} = {0, 1, ξs, . . . , ξ ps−2
s }

is called the Teichmuller representative set of R. Let Fps denote the Galois field GF (ps), then there is a ring isomorphism
R/pR ∼= Fps and there is a multiplicative group isomorphism T ∗

s
∼= F∗

ps . For a ∈ R,

a =

k−1∑
i=0

piai = a0 + a1p1 + · · · + ak−1pk−1, ai ∈ T .

We need more knowledges of algebraic number theory. Let Qp be the p-adic field and E an un-ramified extension over
Qp with [E : Qp] = s. Let vp(·) be the canonical exponential valuation of E, O = {a ∈ E|vp(a) ≥ 0} is called the integral ring
of E, i.e. for a ∈ O,

a =

∞∑
i=0

aipi = a0 + a1p1 + · · · + anpn + · · · , ai ∈ T .

In fact, O/pkO ∼= R = GR(pk, s), O/pO ∼= R/pR ∼= Fps . Let E ′ be an unramified extension of the p-adic field E with [E ′
: E] = t

and O′ the integral ring of E ′. Then O′/pkO′ ∼= R′
= GR(pk, st) and O′/pO′ ∼= Fpst .

Let Tr ′
: E ′

→ E, Tr : R′
→ R, and tr : Fpst → Fps be trace maps. Then there is a commutative diagram:

O′ →→

↓↓

R′

Tr

↓↓

→→ Fpst

tr

↓↓
O →→ R →→ Fps

where for a′
=

∑k−1
i=0 a

′

ip
i
∈ R′, Tr(a′) =

∑k−1
i=0 tr(a

′

i)p
i
∈ R.
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