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1. Introduction

If G = (V(G), E(G)) is a graph, then a vertex u € V(G) dominates a vertex v € V(G) ifu = v or u is adjacent to v. S C V(G)
is a dominating set of G if every vertex in G is dominated by a vertex in S. The size of a smallest dominating set of G is the
domination number y(G) of G. A smallest dominating set will be briefly called a y -set.

The domination game is played on a graph G by two players that are usually called Dominator and Staller. They take
turns choosing a vertex from G such that at least one previously undominated vertex becomes dominated until no move
is possible. The score of the game is the total number of vertices chosen by them in this game. The players have opposite
goals: Dominator wants to minimize the score and Staller wants to maximize it. A game is called a D-game (resp. S-game) if
Dominator (resp. Staller) has the first move. The game domination number y;(G) of G is the score of a D-game played on G
assuming that both players play optimally, the Staller-start game domination number yg’(G) is the score of an optimal S-game.

This game was introduced in [4] and investigated by now in about 30 papers. One of the reasons for this large interest
is the 3/5-conjecture due to Kinnersley, West and Zamani asserting that y,(G) < 3|V(G)|/5 holds for any isolate-free graph
G [17, Conjecture 6.2]. (Related conjectures were stated also for the S-game, as well as for both games played on forests.)
Bujtas [6,7] developed an innovative discharging-like method to attack this conjecture. Using the method, the conjecture
was confirmed by Henning and Kinnersley on the class of graphs with minimum degree at least two [11]. Along these lines
Schmidt [23] determined a largest known class of trees for which the conjecture holds. Moreover, Marcus and Peleg reported
in arXiv [21] that the conjecture holds on all isolate-free forests. Among the other aspects of the domination game we list
here: domination game critical graphs [8]; the somehow peculiar behavior of the game on unions of graphs [10]; graphs
with small game domination number [18]; different realizations of the game domination number [19]; a characterization
of forests with the game domination number equal to the domination number [22]; bluffing aspects of the domination
game [ 1]; and the PSPACE-completeness of the game domination number [2]. We also mention two related games that were
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introduced based on the domination game: the total domination game [12] (see also [13,15]) and the disjoint domination
game [9].

It was shown in [4, Theorem 1] that y(G) < y4(G) < 2y(G) — 1 holds for any graph G. Moreover, all possible values
for y, are eventually realizable [4, Theorem 10]. It is hence natural to ask for which graphs G the equalities y,(G) = y(G)
and y;(G) = 2y(G) — 1 hold, respectively. The former problem was solved for the case of trees in [22], where it was also
conjectured that if G is a connected graph with y,(G) = y(G), then G is either a tree or has girth at most 7. The general
problem to characterize the graphs G with y;(G) = y(G) seems highly difficult though. In this paper we consider the other
extreme case, that is, which graphs G have the largest possible game domination number 2y (G) — 1. We will call such graphs
Ve-maximal.

In the next section additional concepts needed are introduced, several known results to be used later recalled, and a
couple of useful facts deduced. In Section 3 large families of y,-maximal graphs are constructed among the graphs in which
their sets of support vertices (vertices adjacent to leaves) are y-sets. In the last two sections we consider trees which have
exactly one vertex of degree at least 3, called starlike trees. In Section 4 we characterize y,-maximal starlike trees among the
starlike trees with at least one 1-arm, while in Section 5 we characterize y,-maximal starlike trees among the other starlike
trees. In the concluding section we observe that the graphs considered in this paper support the 3/5-conjecture.

2. Preliminaries

We will use the notation [k] = {1, ..., k} for a positive integer k. The maximum degree and the minimum degree in a
graph G are denoted by A(G) and §(G), respectively. A vertex v of G with deg.(v) = 1 is called a pendant vertex (alias leaf ),
the vertex adjacent to v is a support vertex (to v). Let L(G) and Supp(G) denote the set of pendant and support vertices of G,
respectively. For a vertex v of G let L(v) = L(G) N N(v), where N(v) is the open neighborhood of v. Clearly, L(v) # ¢ if and
only if v € Supp(G). Note also that L(K;) = Supp(K>) = V(K>). On the other hand, if G is connected and of order at least 3,
then a support vertex is of degree at least 2, so that L(G) N Supp(G) = @.

Suppose that a D-game is played. Then we will denote the sequence of vertices selected by Dominator with dy, da, . . .,
and with sq, s,, . .. the sequence chosen by Staller. A partially-dominated graph is a graph G together with a declaration that
some vertices S € V/(G) are already dominated in the sense that they need not be dominated in the rest of the game. It is
denoted with G|S.

We next recall the following fundamental results to be used later.

Lemma 2.1 (Continuation Principle, [17]). Let G be a graph with A,B C V(G). If B C A, then y4(G|A) < v.(G|B) and
¥¢(GlA) < y,(GIB).

Theorem 2.2 ([17]). If F is a forest with S C V(F), then yg(F|S) < yg/(F|S).

Theorem 2.3 ([4,17]). If Gis any graph, then |y,(G) — yg/(G)l <1

Setting S = ¢ in Theorem 2.2 and specializing to trees we get:

Corollary 2.4. If T is a tree, then yg(T) < y,(T).

Denoting with G U H the disjoint union of graphs G and H we have the following result that will be useful to us.

Lemma 2.5 ([17, Lemma 5.4]). If F; and F, are partially dominated forests, then
Ye(Fi UE) < yg(F1) + y4(F2) and  yy(Fi UF) < y,(F1) + y,(F2).

The next result was first proved in the unpublished manuscript [ 16]. Five years later the first published proof appeared
in [20].

Theorem 2.6 ([16,20]). If n > 1, then

E—| —1; n=3(mod 4),

(1) ve(Pn) = %1

otherwise.

(ii) y,(Pa)=T[5]-

Following the notation from [20], let P; denote the partially dominated path of order n+1 with one of its leaves dominated.
Then from KoSmrlj’s proof of [20, Theorem 2.6] we extract the following information useful to us.

Lemma 2.7. If S-game is played on P}, or a union of some P,’,is, then some dominated leaf is an optimal move for Staller. Moreover,
if n > 1, then

(i) vg(Pn) = y¢(P,), and

(ii) Vg(Pars) = 1+ 7}(P}).
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